Relations and Functions

5.1 Representing Relations

A setis a collection of distinct Dbj ects.

An element of a setis one objectin the set.
——

A relation associates the elements of one set with the elements of another set.

One way to write a setis to list its elements inside brackets. For example, we can write

the set of natural numbetrs from1to b as:

1,2,3,45] = L%M3H9%

Note: The order of the elements in the set does not matter.

You canrepresent relations using a table, an arrow diagram, as a set of ordered pairs.

Example 1: Representing a Relation Given asa Table

h. \ny
Fruit Cdlour
Apple Red
Apple Green
Blueberry Blue
Cherry Red
Banana Yellow

5 (Daquyped | (Poguibeean)

c. Represent the relation as

IAPC 205

a. Describe the relation in words.

The cdaionis &?.S('.t‘i\:'sna e
Colac o gaen Fruitr

b. Represent therelation as a set of ordered pairs.

(B\wdoecey), &l ey, e, (Sovcnan, Jee)

arrow diagram.
\o
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Example 2: Representing a Numerical Relation Given as a Table

1
Number of Marbles (n) | Mass af‘ﬁmbles i grams (m)

1 1.27

2 254 ‘5[

3 3.81

4 5.08 7%

5 6.35

6 7.62

a. Represent the relation as a set of ordered pairs.

§ (1,101, ({59, (3,380, (4,5 0D, (5,639), (67403

b. Represent the relationina graph.

LT e ner cannadr

Maﬂ,s g NS Y N S i - ! Pg\\'ﬁj
of W] Dleyow cannet
Macbles 5 ; = r—t—1 \gu,;& W‘\‘iﬂu\

ST T coooes

| ' ENEEEEEEE

o I lnlaal sl
Example 3: Rep';’ml'g i‘%gﬁiun Given as a Bar Graph

REPI‘ESEﬂt thisrelation as a table Mean Heights of Bifferent Breeds of Dogs
_ ol | |
. £
Lceed of Co g M Ha.-.a\-&'fcwﬁ =N T
Scanan Bound Sic 3 4]
Cyranwnwahnuwh 20 £ 3o —
Coca) S50 e EIEEE
= * E’? 5 hT
G o\ den Rerciaves O F1E &
e I
[E]
Geceran Snghecd LO -
Do R uUTu H
M ) e 2 L9
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5.2 Properties of Functions W C l ]
O

IN OouUT I
2 8 9 2
3 12 15 8
4 16 20 13
5x4 [0 18 I
b 24 v, 9
7 o 12 A
Write the rule: ¥ If I equals 24, what
Q v is O?
M q“&;w; 04-717
o9 4

The domain (x) is the set of the firstelementsina relation. Itis also called the input
value and is the independent variable.

The range (y) is the set of the second elementsin a relation. Itis also called the output
value and is the dependent variable.

A function is a special type of relation where each element in the domain is associated
with exactly one element in the range. In other words, if one value in the domain (x)
gives two or more values in the range (y), then the relation is not a function.

When you are dating, you want to be in a “function”al relationship. Let the x-
coordinate of the ordered pair by any person. Letthe y-coordinate of the ordered pair
be the x-coordinate’s significant other. Asyou can see, Bob is dating both Jill and Sue.
Therefore, this is not a “function”al relationship!

(Bob Jin )
(Robs (Sue)

Not-o. Sanctjon!
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Example 1: Identifying Functions

For each relation below determine whether the relation is a function. If the relationisa
function, identify the domain and range.

a. {(2,0),(2,5),(2,1),(2,-3). (2,-3)}

Ne¥ a Funckion
D is raakained  cottn T AL valnes.

b. {(5.3).(%,3). (3. 3), (0. 5), U}
w m-?v‘ncsftﬂ‘f\ o dkﬁeﬂrﬂ' valwes

is the square of

2

Nt afunckion

Barn 1 & G act
ké cenok Ared W/ rauiriple
" values on Phe cight

e e Thisis afncrion.
Wn
T &w
A

Conclusion: All functions ave relations but not all relations are functions.
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Example 2: Identifying Functions from Tables of Values
For the table of values, write the values in the table as a set of ordered pairs. If the
relation is a function, determine the domain and the range.

; g £ (0 l((’f—h R AR (-15‘{%
5 -7 "{‘n\ﬁ‘ N a._?urdﬁaﬁ

0
1 1 Do’ 24,5, %, W95

\owof- - €7, 045, ¢S

Example 3: Describing Functions

The table shows the masses, 1, of different numbers of identical marbles, 1.

Number of Marbles (n) | Mass of Marbles in grams (m)
1.27
2.54
3.81
5.08
6.35
7.62

| U W= | T 2|

a. Why is this relation also a function? .
DO\ valwes of marbles have i (fecund masses

b. Identify the ﬁldependﬁlt variable and the depencient variable.
(Y

MNocoes MNasy
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Puzzle Time!
Canyou figure out what this notation means inrelation to the graph below?

f(=2)= 4 f(—1) =35
f(0)=3 f2)=-1

£ =y

Functional notation is used to represent a relation as a formula.

When the input of a functionis x, the output value, y, is a function of x. In other words,
the output value y depends on the input value x. Functional notation is another way of
displaying this relationship.

“f" is the name of the ﬁmcﬁol\j:%)ﬂ“ \
fx)=3x-1

f(x)is read as “fof x”

and is equivalent to y.

x1s the input value.

f(x) is the output
value.

For example, the notation f(2) = 5 says that the point with coordinates (2, 5) is on the
graphof f(x). Note: f(2) = 5does notmean 2f = 5, f(2) = 5 meansy = 5.
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Example 4: Using Function Notation
Evaluate each of the following algebraically.

a. !f(x)= xf l = -(\'\E'S S \S;LJ" ‘GA\’\QET'LDR
f'[Z]:g‘L -_f-'

fen = (- \f’ = |

b[F=+5 ) & XINSIS owe new Lfunckion
=N *%
—4rH = \ 4
D=5
=-L%9
= -\
Determine the value that makes f(x) = 17.
\Wewed Yo find *
| 7 =0%¢9 12 = 2Ax .’.!X'—‘-(ﬁ f
-4 -9 2
Example 5: Graphing Using Function Notation

Using a graphing calculator, graph each of the following. Create a table of values for
each and find the missing functional values using the calculator.
a. flx)=2x+5

X flx)
A
I X flx)
—2.5
0.1
3.3
[IAPC 205 Page 7 of 25
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Example 6: Using Function Notation to Determine Values

The equationV = —0.08d + 50 represents the volume, V litres, of gas remaining ina
vehicle's tank after traveﬂjng d kilometres. The gas tank is not refilled until itis empty.

a. Describe the function. Write the equation in function notation.
Vol wee depends ogon distance  © - Voluweys arun S on of diSrance

V{(a)= ~0.0%ax50

b. Determine the value of V(600). What doesthis number represent?
Vv ((pcoﬁ weans 0 vs (00 or vk Xooveled (o0 ke

\ (6O9 = —p. 05 ((od) ¥HO
= -Uug 90 < 2lkec ¥rovehing ok,
=0 oo het AL of aas Vel

c. Determine the value of d whenV(d) = 26. What does this number represent?
V(d\ = -0 O3+ 90
V) =26
NG = ~0.0%4 ¥5
~50 .

Q= -0.0%3 Bk

_a =200

-‘groye)u 300 km
5 \?f:\jf;(, L of aas lefr

¥ 4,Gak, 704,
qu‘!‘-'lb,c, \"3\0, R

-24

Z0.06
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5.3 Interpreting and Sketching Graphs

A Scuba Diver's Dive

2 3 el
] ; \
. / N
_ / AN
E- 1= \'.
Rt
=]
/
A8 N
A ‘\\
1/ N
0 4 12 116 |20 | 24 | 28
Hime 'mrn‘

How many minutes did the dive last?

HOin

At what times did the diver stop her descent?

Apan ¥ \Gmin

What was the greatest depth the diver reached? For how many minutes was the diver

at that depth? 'Xb{r\ /?OF&{(“‘“

What do the two horizontal lines in the graph mean? .
e Ber xoup. ok o Constor¥ 8¢

Note: Straight lines are used in graphs when the change in the variables are constant.
Curves are used when the change in the independent and dependent variable is not
constant (e.g. acceleration).
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Example 1: Interpreting a Graph

Each point on this graph represents a bag of

Costs and Masses of Various Bags
of Popcorn

popping COTTL

a. Whichbagis the most expensive?

What does it cost?

i

C > costs 37

Cost (8)

=

> e

MJ

Lenl

15

Which bag has the least mass? What

this mass?

400 | 800 2000

% 3 000

DY¥E 2109

QFrES B9

Which bags have the same mass? Whatis this mass?

Which bags cost the same? How much do they cost?

Which of bags C or D has the better value for money?

) » dranpec ¥ e PORESN

Example 2: Describing a Possible Situationfor a Graph

Describe the journey for each segment of the
graph.
Of > Teowel (Skmto (inkerin

¥ Food. ;
&QC 2 65 ken reoredo Winlaes in
& pring
£ Ve shays & visit s Linkler foc
A roucs
OE? Mermids 3o ke badc hore
TAPC 205 Page 10 of 25

Day Trip from Winnipeg to Winkler, Manitoba

-||_gn Y [~ }

TH20 h\

=140 / \\

z 0 .

5 fol s \

Jg 40 r/ \'\
30 Vi kY .
o : G 5 6

Time (h
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Example 3: Sketching a Graph for a Given Situation

a. Sketcha graph of the following situation. Use speed as a function of time.
A caris travelling along at a constantspeed, then speeds up to pass a car only to
maintain the new speed. The driveris then pulled over and given a ticket. He
then continues hisjourney at a constantlegal speed.
What are the independent and dependent variables?

iiiiii'_,'L‘,L;b_hliii*l
Aty n g b Wa e\l
el (winr) ¥
b. Sketcha graph of the following situation Use distance from home as a function
of time.
A girl leave home for school and gets half way there but realizes that she forgot
her cell phone. She returns home, and then goes to school.
What are the independent and dependent variables?
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5.5 Part 2: Domain and Range

The domain (x) is the set of the first elements ina relation. Itis also called the input
value and is the independent variable.

The 1&52_(_1,1]_15 the set of the second elementsin a relation. Itis also called the
output value and is the dependent variable.

Domain and Range: Set Notation

Set notation describes which values are included in the domain and range using the

following symbols:

. ™
less than: <
ereater than: =
L=
less than or equal to: =
g‘l'eater than or equal to: =

such that:

|
is an element of: =
the real number system: N 3 JeaeNotfucad, 77

When points on a graph are indicated with solid dots (»), it implies the point is
included. If a pointis hollow (), the graph goes up to that point but the actual point
is notincluded in the graph. A line with an arrow indicates the graph includes all
points along the line, and it continues on indefinitely in the direction(s) indicated.
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Example 2: Determining the Domain and Range of the Graph of a Function in Set
Notation

Determine the domain and range of the following graphs in set notation.

VA YA
1 GeN cuall :
T J Close
» o9 but T
dorr 1
| | | | | 1 | | | | Irmml_‘l | | | | | | | | |h_
"“l_‘llJl 1 I-—I"i__ll"lll |E|""JL L I__'ll'lljﬂlél
1 B \
¥ |
Domain: -4 _é X £ 6 Domain; A Z ]
Range: 5'; e Range: \ﬁ ,.é ~9
YA
y=gx) Y
a®! N
- N > X
. _ 0
. Qm'ﬂh'-ﬂﬂ-
Y £ e o
Domain: 6% Domain: ~ g‘;é L —4- .
Range: 3(';0% Range: O £ \) < 4

Note: In general, if you are describing the domain and range of a function, only use
a list if the data is discrete or if you have unconnected data values on a graph.
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Example 2: Determining the Domain and Range of the Graph of a Function in Set
Notation

Determine the domain and range of the following graphs in set notation.

[

\J
Domain: E'H} 6) Domain: C ‘J oﬂ)
Range: ﬁ ‘)‘1 Range: g

Y
Domain: (’do ! G‘:;) Domain: E’af 3‘3
Range: ( —oo, 7 ) Range: fol QJ

Note: In general, if you are describing the domain and range of a function, only use
a list if the data is discrete or if you have unconnected data values on a graph.
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Domain and Range: Interval Notation

Interval notation describes the restrictions on the domain and range using different
types of brackets:

( starts at but does not include: ( IS \'\G\ﬂ—
goes up to but does not include: ) % 4
starts at and includes: [ C\O \‘\B\Q
goes up to and includes: 1 <
the positive and negative infinity symbols: o0 and - o~

"

a2l 4
:‘(\ e’vv\ —3? L_...a‘:, . (oo 7
Because infinity is not an actual value that youcan include, the round brackets will
always be used with the symbols e and -eo.

Example 3: Determining the Domain and Range of the Graph of a Function in
Interval Notation

Rewrite each domain and range from Example 2 using interval notation.

Example 4: Determining Domain and Range Values from a Set of Ordered Pairs

State the domain and range of the following relation.
A={(12) 3.4 5.6) 78)
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Example 5: Determining the Domain and Range of the Graph of a Situation

This graph shows the number of fishing boats,
#1, anchored in an inlet in the Queen Charlotte
Islands as a function of time, .

a. Identify the dependent variable and the
independent variable.

T ek
O ¥ 05k boX>

b. Why are the points on the graph not

o\ YOS

connected? Explain.

PNSVER TS

c. Determine the domain and range of the
graphin set notation.

R AN ORCRER ALY
&4 Lﬁ;.tﬁ?ll\‘\‘?;g‘a‘{)

Number of Fishing Boats
Anchored in an Inlet

o

n

5=

@D

an

Nuniber of boats

[ ¥

I g~ G0

D

09100 1300 17;00

Example 6: Determining Domain and Range Values from the Graph of a Function

Here is a graph of the function f(x) = —3x +7.
W=-"Onx7]

a. Determine the ran ée value WhEI‘l the domain value is -2.

A=-"d NS W
. \5.;\3

b. Determine the domain value when the range valueis 4.

\D:"’\ Fad K-

gz
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5.6 Properties of Linear Relations

X v x v x v
0 12 0 4 0 |2
1 15 1 ‘. 1 10
2 IR 2 < 2 7
3 21 3 10 3 Ly

4 P 4 V2 4 |

5 27 5 V4 5 2
6 =0 6 16 6 ~H

The table and graph below display the cost of a pizza related to the number of extra
toppings on the pizza.

Cast of a Pizza

Number of Extra Cost ($)

Toppings 600 |
0 12.00 15.00
1 1275 2 Yons 14.00 t
2 13.50 %13.00
@ s
w
3 14.25 1208
4 15.00 11-06
> 15.75 10:00
0 7 3 4
e e e

What patterns do you see in the table?

Cot)k%g{f?' W 0B ‘FO( 20N mw "
Write a rule for the pattern that relates the costof a pizza to the number of its toppings.

C =\ + O 75t
How are the patterns in the table shown in the graph?

(oo 386\ povid 4 Yo Ane-ciaeX ¥ 0772 WS Q-
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Conclusions: For a linear relation, a constant change in the independent variable results
in a constant change in the dependent variable.

The graph of a linear relation is one of the form:

where: yis the dependent variable
x1s the independent variable
b is the initial amount
m is the rate of change

The rate of change can be expressed as:

_ change in the dependent variable
m= change in the independent variable

The rate of change is constant, or M&, for alinear relation. The graphof a
linear relation is a straight line.

Example 1: Determining whether a Table of Values Represents a Linear Relation
Which table of values represents a linear relation? Explain.

a. The relation between temperature in degrees Celsius, C, and temperature in
degrees Fahrenheit, F.
b. The relation between the current I amps, and the power, P watts, in an electrical

circiiit.

a. C I3 b. T P

> 0 32 - 0 0 :
7 gz 5 reu AR § = —= };*75
9 15 59 %“:_,;\ 15 675
b 20 68 ¥ 20 1200

i i \iner ble gach This 15 06t \inea< bl
o COOBHXANX axnowOY C ot ‘p\j o ConFRonY oA
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Example 2: Determining Whether an Equation Represents a Linear Relation

Graph each equation by creating a table of values. Determine if each equation
represents a linear relation. Z\

a. y= —3x+25

- Y
2 )
T | 3%
0 gdj
! 29
2 n\(}\
b. y=2x?
= Y
) <
1 (&
0 &)
1 )
2 3
c. y=5
= Y
- N S
& e
1 S
d S
d x=1
X Y
{ ~7d
\ - |
\ O
\ \
\ >
IAPC 205

kj: ‘3[“3\ +15
3:"39‘5*”]5
==YD 25
PR YANED
\5"‘.-"’%“}-\\*'!16

A

\iOe

Page 20 of 25
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F 3

F 3

+4o

F 3

v

1~
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Example 3: Identifying a Linear Relation

Which relationislinear? Explain.

a. A new caris purchased for $24 000. Every year, the car is worth 85% of what it
was worth the previous year. The valueis related to time.

b. For a service call, an electrician chargesa 575 flat rate, plus %50 for each hour he
works. The total cost for service is related to time.

Example 4 Determining the Rate of Change of a Linear Relation from its Graph

A water tank on a farm holds 6000 L. Graph A represents the tank being filled ata
constantrate. Graph B represents the tank being emptied at a constant rate.

Graph A Graph B
Filling a Water Tank Emptying a Watar Tank
ngad” A1 V{ -L‘:'ﬁé“
: D : copo| -\ (A0,
5 § 11N
£ pogo 1 ‘.‘w@) £ pooo
(Q‘Q a] an | #o ”ﬂr 0 qu\ 01 ﬂE
Thme {(min) Time {fmin)
Determine the rate of change of each relation, then describe Rr_hat it repre;e%g.
Qo of Crorg=m R (07600d) (903e09)
_ _\iYees L S L TR Po I
i
X2~ biv LOOQ _ - WX _ o
: Yre h et Qoo — =" =~
Cued *““‘? m; (Gﬁ;{ RO —© Q20
oo | .
(A0, Xs % _ o0 L /r0in
— = = TR e N T |
rn= 012927 —55 pa R ® Y
073 L an
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Example 3: Identifying a Linear Relation

Which relationislinear? Explain.

a. A new caris purchased for $24 000. Every year, the car is worth 85% of what it

was worth the previous year. The valueis related to time.
| S 3000

9 5 24coe(8%)= BAOUSO 1 Nov linear
2 > 04CC(I9)= 3\2340

b. For a service call, an electrician chargesa 575 flat rate, plus %50 for each hour he
works. The total cost for service is related to time.

~> 7% D ¥5o yret
cl:) > 79%30 = 925 LJ}#GC’ .._.S_:r-',\‘rf‘a'

5 3 26 x9(50) = %179 &

Example 4 Determining the Rate of Change of a Linear Relation from its Graph

A water tank on a farm holds 6000 L. Graph A represents the tank being filled ata
constantrate. Graph B represents the tank being emptied at a constant rate.

Graph A Graph B
Filling a Water Tank Emptying a Watar Tank
{;r Iy V 'EF u V
—~ -
=g b
E =
= = \
£ poon £ JiHN}
t N t
8 |ap | mo |10 O] ap a0 1o
Timee {mind Timg (min)

Determine the rate of change of each relation, then describe what it represents.

TAPC 205 Page 21 of 25
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5.7 Interpreting Graphs of Linear Functions

Height of a Float Plane

2
o
F

=]
o
o

M
&
L=

!

J

Where goes graph intersect the vertical axis? Whatdoes this point represent?

e\
A e QOWNY (ZRacsents \OCOM @ £2 O, oka Liwtte plant. stacfs

Where does the graph intersect the horiz Eal axis? What does this point represent?

el 'LN.-
Y argaasers £=10 @ =0, 6ka \,Jr%mq:;aﬁ

Whatis the rate Df&angefor this gra h? What does it represent? .
_¥a-Y) (0, \OOU + {;D o) 9_;!?: "_!E.E’:-pom/mm
= X3~ %1 Y [} }

Why is the rate of change positive D@ .
Ty e Qe 19 Inepded Torardsire ot

The point where the graph intersects the horizontal axis has coordjnahestl‘o . The
horizontal intercept is . The horizontal intercept is also called the x-intercept.

(\6,0)
The point where the graph intersects the vertical axis has coordjnatesm. The

vertical interceptis . The vertical intercept is also called the y-intercept.
(6,\00°)

The domain is: EOJ IGJ

The range is: E'O ) \0003
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Volume of Gas in a Scooter

Example 1: This graph shows the fuel

consumption of a scooter with a full tank of v

]

gas at the beginning of a journey. N

Fan

e
]
oF

[t

a. Determine the following:
i.  Domain

(4

= fld)

Vialimae (L)
LL" R A
-
n

CO,200)

4

ii. Range

0,37 i

b. What are the restrictions on the domainand range?

\opn ConnaX NENENEAIVE disTonce
Do ConnaY hmv:.mboz‘riuf. L ¥ WO CONN

Example 2: Matching a Graph to a Given Rate of Change and Vertical Intercept

Which graph has a rate of change D.f% and a vir_ﬁcal intercept of 67 Explain.

-

a)| [.]d b) L |d
S D -
S d|= (1) ¢ o
Al £ [ dEkD
t = |
O | 4|8 12 )
Tim% t
0 4 | 8 | 12
ol S b
Ams araghhas a Mgt :
C""‘"'?G mm Vekiea) ST Yive
' Mok Ve b . nihas A gos
g.::c.ﬁ'mw % ”f‘{j fﬁi?mmk
\{5‘\\! 1«.1’&11 Kre ‘56-*-:'1[‘0“
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x-intercept:
y-intercept:

Example 3: Sketch the following graphs by finding the intercepts.

a. y=2x+8

S ~in(Y.

(-4.0)
x-intercept:
y-intercept:
b. y= %x +2
X
9= %0
X, vy léuﬁ\'

—_ W=
=0 A=
=

0*5'*%

% F7

x-intercep£

y-intercept:

%)
%

(o.a\

k J

F 3

L J

L J

Example 4: Sketch the following graphs using a graphing calculator. Mark the

intercepts on your graph.
a. y=3x—1
F

A
Kﬁ}s: -
oMY
Xu {x*
[

B

IAPC 205

(% )

by———x+2

} '\é\f’%"f
x=0, 4=
(O,
1..!#"5

X2, F %

(6,

Page 24 of 25
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Example 5: Sketching a Graph of a Linear Function in Function Notation

Sketch a graph of the linear functicmﬁx} =—3x+5 _ll

RN A% U7 IRr S
%:Q} m\—ﬁ—‘é
Q2 - .
- - W < NS> S >
-9 -y '-:)r-"bi-f-‘;s

Y

\3:‘5 : - »

S

TR
V8= w

Example 6: Solving a Problem Involving a Linear Function

This graph shows the cost of publishing a Cost of Publishing a Yearbook
school yvearbook.
) = :

The budget for publishing costs is $4200. What Y >
is the maximum number of books that can be ~ Nr
printed? & 2000 130
Method 1: Use the graph to estimate ,Eg 000

N0 sparbeci, 1000

n

0 EF 100 | 150 | 200
her of Ve

riotfopote

Y™ = Cave af Q\w
= .-50'-‘5\ KI'I y'l
2%, (Soises)
= \500-Se, A Y2
S5 -
= ANO&Ses

=Y
= 20
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