Pearson Chapter 3

Foundations and Pre-calculus Mathematics 10 Factors and Products
Lesson 3.1 Factors and Multiples of Whole Numbers Exercises (pages 140-141)

A

3. Multiply each number by 1, 2, 3, 4, 5, and 6.

a)

b)

d)

6x1=6
6x2=12
6x3=18
6x4=24
6x5=30
6x6=236
So, the first 6 multiples of 6 are: 6, 12, 18, 24, 30, 36

13x1=13
13 x2=26
13 x3=39
13 x4=52
13 x5=065
13 x6=78
So, the first 6 multiples of 13 are: 13, 26, 39, 52, 65, 78

22 x1=22

22 x2=44

22 X3 =66

22 x4 =88

22 x5=110

22 x 6=132

So, the first 6 multiples of 22 are: 22, 44, 66, 88, 110, 132

31 x1=31

31 x2=62

31 x3=93

31 x4=124

31 x5=155

31 x6=186

So, the first 6 multiples of 31 are: 31, 62, 93, 124, 155, 186

45 x1=45

45 x2=90

45 x3 =135

45 x4 =180

45 x 5=225

45 x 6=270

So, the first 6 multiples of 45 are: 45, 90, 135, 180, 225, 270
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f) 27x1=27
27 x2=54
27 x3 =281
27 x4 =108
27 x5=135
27 x 6=162
So, the first 6 multiples of 27 are: 27, 54, 81, 108, 135, 162

4. The first 10 prime numbers are: 2, 3, 5,7, 11, 13, 17, 19, 23, 29
Divide each number by these primes.
a) 40+2=20
40 +3=13.3333...
40+5=8
40 +7=5.7142...
There are no more primes between 5.7142... and 7.
40 is divisible by the prime numbers 2 and 5.
So, the prime factors of 40 are 2 and 5.

b) 75+2=375
75+3=25
75+5=15
75 +7=10.7142...
There are no more primes between 7 and 10.7142....
75 is divisible by the prime numbers 3 and 5.
So, the prime factors of 75 are 3 and 5.

¢) 81+2=405

81 +3=27

81 +5=16.2

81 +7=11.5714...
81 +11="7.3636...

There are no more primes between 7.3636... and 11.
81 is divisible by the prime number 3.
So, the prime factor of 81 is 3.

d) 120+2=60
120 -3 =40
120+5=24
120 +-7=17.1428...
120 +11=10.9090...
There are no more primes between 10.9090... and 11.
120 is divisible by the prime numbers 2, 3, and 5.
So, the prime factors of 120 are 2, 3, and 5.
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e) 140+2=70
140 = 3 = 46.6666. ..
140 +5=28
140 =7 =20

140 + 11 =12.7272...

There are no more primes between 11 and 12.7272....
140 is divisible by the prime numbers 2, 5, and 7.

So, the prime factors of 140 are 2, 5, and 7.

f) 192+2=96
192 +3 =64
192 +5=2384

192 +7=27.4285...

192 +11=17.4545...

192 +13=14.7692...

There are no more primes between 13 and 14.7692....
192 is divisible by the prime numbers 2 and 3.

So, the prime factors of 192 are 2 and 3.

5. Draw a factor tree for each number.
a) Write 45 as a product of 2 factors: 45=3 - 15
3 is a prime factor, but 15 can be factored further.
15=3-5
3 and 5 are prime factors, so there are no more factors.
45=3-3-50r3"-5

b) Write 80 as a product of 2 factors: 80 =8 - 10
Both 8 and 10 are composite numbers, so factor again.
8=2-4and 10=2-5
2 and 5 are prime factors, but 4 can be factored further.
4=2-2
2 is a prime factor, so there are no more factors.
80=2-2-2-2-50r2"5

¢) Write 96 as a product of 2 factors: 96 =4 - 24
Both 4 and 24 are composite numbers, so factor
again.
4=2-2and24=4-6
2 is a prime factor, but both 4 and 6 can be
factored further.
4=2-2and6=2"-3
2 and 3 are prime factors, so there are no more
factors.
96=2-2-2-2-2-3,0r2°-3
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d) Write 122 as a product of 2 factors: 122 =2 - 61
2 and 61 are prime factors, so there are no more factors.

122=2-61
/122\
2 - 61
e) Write 160 as a product of 2 factors: 160
160 =2 - 80 T
From partb, 80=2-2-2-2-5 or2*-5 2 80
S0,160=22-2-2-2-5,0r2° -5 b,
I/ 7\
2.2+ 4 -2-.5
[ N N
2 -2+2-2+2-5
. 195
f) Write 195 as a product of 2 factors: 195 =5 -39 \
5 is a prime factor, but 39 can be factored further. 5 39
39=3-13 | AN
3 and 13 are prime factors, so there are no more factors. 5 3 .13
195=3-5-13

B

6. Use a calculator and repeated division by prime factors.
a) 600 +2=300
300 +2 =150
150 +2="175
75+3=25
25+5=5
5+5=1
So0,600=2-2-2-3-5-5
Using powers: 600 =2°- 3 - 5

b) 1150+2=575

575+5=115
115+5=23
23+23=1

So, 1150=2-5-5-23
Using powers: 1150=2-5>-23

¢) 1022+2=>511
511+7=173
73+73=1
So, 1150=2-7-73
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d) 2250+2=1125
1125 +3 =375
375+3=125
125+5=25
25+5=5
5+5=1
So,2250=2-3-3-5-5-5
Using powers: 2250 =2 - 3*- 5°

e) 4500 +2=2250
From part b, 2250 =2 - 3*- 5°
So,4500=2-2-3"-5
Using powers: 4500 = 2° - 3% - 5°

f) 6125+5=1225

1225 + 5 =245
245 + 5 =49
49+7=7
7+7=1

So,6125=5-5-5-7-7
Using powers: 6125 =5 - 7°

7. I cannot write 0 as a product of prime numbers, so 0 has no prime factors.
1 is the only whole number that divides into 1, so 1 has no prime factors.

8. Write the prime factorization of each number.
Highlight the factors that appear in each prime factorization.
a) 46=2-23
84=2-2-3-7
The greatest common factor is 2.

b) 64=2-2-2-2-2-2
120=2-2-2-3-5
The greatest common factor is 2 - 2 - 2, which is 8.

¢) 81=3-3-3-3
216=2-2-2-3-3-3
The greatest common factor is 3 - 3 - 3, which is 27.

d) 180=2-2-3-3-5
224=2-2-2-2-2-7
The greatest common factor is 2 - 2, which is 4.

e) 160=2-2-2-2-2-5
672=2-2-2-2-2-3-7
The greatest common factoris 2 -2 -2 -2 - 2, which is 32.

Hh 220=2-2-5-11

860=2-2-5-43
The greatest common factor is 2 - 2 - 5, which is 20.
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9. Write the prime factorization of each number.
Highlight the factors that appear in each prime factorization.
a) 150=2-3-5-5
275=5-5-11
420=2-2-3-5-7
The greatest common factor is 5.

b) 120=2-2-2-3-5
960=2-2-2-2-2-2-3-5
1400=2-2-2-5-5-7
The greatest common factoris 2 - 2 - 2 - 5, which is 40.

¢ 126=2-3-3-7
210=2-3-5-7
546=2-3-7-13

714=2-3-7-17
The greatest common factor is 2 - 3 - 7, which is 42.

d) 220=2-2-5-11
308=2-2-7-11
484=2-2-11-11
988=2-2-13-19
The greatest common factor is 2 - 2, which is 4.

10. Write the prime factorization of each number. Highlight the greater power of each prime
factor in any list. The least common multiple is the product of the greater power of each
prime factor.

a) 12=2-2-3=22-3
14=2-7
The greater power of 2 in either list is 2°.
The greater power of 3 in either list is 3.
The greater power of 7 in either list is 7.
The least common multiple is:
2°.3.7=4.3.7
=84
So, the least common multiple of 12 and 14 is 84.

b) 21=3-7
45=3-3-5=3*-5
The greater power of 3 in either list is 3°.
The greater power of 5 in either list is 5.
The greater power of 7 in either list is 7.
The least common multiple is:
32.5.7=9.5.7
=315
So, the least common multiple of 21 and 45 is 315.
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©)

d)

e)

Lesson 3.1 = Copyright © 2011 Pearson Canada Inc.

45=3-3-5=3"-5
60=2-2-3-5=2*-3-5
The greater power of 2 in either list is 2°.
The greater power of 3 in either list is 3°.
The greater power of 5 in either list is 5.
The least common multiple is:
2°.3*.5=4.9.5
=180
So, the least common multiple of 45 and 60 is 180.

38=2-19

42=2-3-17

The greater power of 2 in either list is 2.

The greater power of 3 in either list is 3.

The greater power of 7 in either list is 7.

The greater power of 19 in either list is 19.

The least common multiple is:

2-3-7-19=798

So, the least common multiple of 38 and 42 is 798.

32=2-2-2-2-2=2°
45=3-3-5=3"-5
The greater power of 2 in either list is 2°.
The greater power of 3 in either list is 3°.
The greater power of 5 in either list is 5.
The least common multiple is:
2°.3%.5=32.9-5
=1440
So, the least common multiple of 32 and 45 is 1440.

28=2-2-7=2"-7
52=2-2-13=2"-13

The greater power of 2 in either list is 2°.
The greater power of 7 in either list is 7.
The greater power of 13 in either list is 13.
The least common multiple is:
2°-7-13=4-7-13

=364
So, the least common multiple of 28 and 52 is 364.

Chapter 3
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11. Write the prime factorization of each number. Highlight the greatest power of each prime
factor in any list. The least common multiple is the product of the greatest power of each
prime factor.

a)

b)
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20=2-2-5=2*-5
36=2-2-3-3=27-3
38=2-19
The greatest power of 2 in any list is 2°.
The greatest power of 3 in any list is 3.
The greatest power of 5 in any list is 5.
The greatest power of 19 in any list is 19.
The least common multiple is:
2?.3°.5:19=4-9-5-19

=3420
So, the least common multiple of 20, 36, and 38 is 3420.

15=3-5
32=2-2-2-2-2=2°
44=2-2-11=2"-11
The greatest power of 2 in any list is 2°.
The greatest power of 3 in any list is 3.
The greatest power of 5 in any list is 5.
The greatest power of 11 in any listis 11.
The least common multiple is:
2°.3.5-11=32-3-5-11

=5280
So, the least common multiple of 15, 32, and 44 is 5280.

12=2-2-3=2%-3
18=2-3-3=2-3
25=5-5=58"
30=2-3-5

The greatest power of 2 in any list is 2°.
The greatest power of 3 in any list is 3.
The greatest power of 5 in any list is 5°.
The least common multiple is:
2°.37.5°=4.9.25
=900
So, the least common multiple of 12, 18, 25, and 30 is 900.
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d 15=3-5

12.

13.

14.

15.

20=2-2-5=2°-5
24=2-2-2-3=2-3
27=3-3-3=3
The greatest power of 2 in any list is 2°.
The greatest power of 3 in any list is 3°.
The greatest power of 5 in any list is 5.
The least common multiple is:
2°.3.5=8.27-5
=1080
So, the least common multiple of 15, 20, 24, and 27 is 1080.

The greatest common factor of 12 and 14 is the greatest number that divides into 12 and 14
with no remainder. This number is less than both 12 and 14.

Since 12 =2 -6, and 14 =2 - 7, then the greatest common factor is 2.

The least common multiple of 12 and 14 is the least number that both 12 and 14 divide into
with no remainder. This number is greater than both 12 and 14.

Since 12 =2 -6 and 14 =2 - 7, then the least common multiple is 2 - 6 - 7 = 84.

The first band has 42 members. So, the number of columns in the array is a factor of 42.
The second band has 36 members. So, the number of columns in the array is a factor of 36.
The arrays have the same number of columns.

So, the number of columns in each array is a common factor of 42 and 36.

The greatest number of columns is the greatest common factor of 42 and 36.

Write the prime factorization of each number.

Highlight the prime factors that appear in both lists.

42=2-3-7

36=2-2-3-3

The greatest common factoris: 2 -3 =06

The array has no more than 6 columns.

The product of two numbers is equal to their least common multiple when both numbers have
no common factors, except 1. For example, two prime numbers such as 5 and 11 have a
product of 55 and this is also their least common multiple. And, two numbers such as 6 and
35 have a product of 210 and this is also their least common multiple.

A fraction is simplified when its numerator and denominator have no common factors.
So, divide the numerator and denominator of each fraction by their greatest common factor.
a) 185

325

Write the prime factorization of the numerator and of the denominator.

Highlight the prime factors that appear in both lists.

185=5-37
325=5-5-13
The greatest common factor is 5.
185 185+5
325 325+5
3
65
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by 20
380

Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.

340=2-2-5-17

380=2-2-5-19

The greatest common factoris 2 - 2 - 5, or 20.

340 _340+20
380 380+20
17
19
g 650
900
Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.
650=2-5-5-13
900=2-2-3-3-5-5
The greatest common factoris 2 -+ 5 - 5, or 50.
650 _ 650+50
900 900+50
13
18
d) 840
1220

Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.
840=2-2-2-3-5-7

1220=2-2-5-61

The greatest common factoris 2 - 2 - 5, or 20.

840  840+20
1220 1220+20
Y
61
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1225
e) ——
2750

Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.
1225=5-5-7-7
2750=2-5-5-5-11
The greatest common factor is 5 - 5, or 25.
1225  1225+25
2750 2750+25
_B
110

2145

1105
Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.
2145=3-5-11-13
1105=5-13- 17
The greatest common factor is 5 - 13, or 65.
2145 2145+65
1105 1105+65
_3
17

16. Add, subtract, or divide fractions with a common denominator by adding, subtracting, or
dividing their numerators.
So, write the fractions in each part with denominator equal to the least common multiple of
the original denominators.

a)

9 11
—_— + —_—
14 16
Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.
14=2-7
16=2*
The least common multiple is 2* - 7, or 112.
9 11 72 77
—_—t— = —
14 16 112 112
_72+77
112
149

112
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b) i_’__
15 20

d)

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.

15=3-5
20=2%-5
The least common multiple is 2%.3-5, or 60.
8 11 32 33
15 20 60 60
_32+33
60
65 13
=—, 0or —
60 12
St
24 22

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.
24=2%-3
22=2-11
The least common multiple is 2° - 3 - 11, or 264.
5 1 55 12

24 22 264 264

_55-12

264

_ B

264
9 5 4
10 14 21

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in any list.
10=2-5
14=2-7
21=3-7
The least common multiple is 2 -3 -5 - 7, or 210.
9 5 4 189 75 40
—+—+—= + +
10 14 21 210 210 210

_189+75+40

210
304 152

= , Or
210 105
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9 7 5
e) —+———
25 15 8

g)

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in any list.

25=5%
15=3-5
g =123

The least common multiple is 2° - 3 - 5%, or 600.

9 l_§_216+280_375

25 15 8 600 600 600
_ 216+280-375

600

121
600

3 5 7
—_— + p—
5 18 3
Write the prime factorization of the denominators.

Highlight the greatest power of each prime factor in any list.

5=5
18=2-3?
3=3

The least common multiple is 2 - 3 - 5, or 90.
3.5 754 25 210

5 18 3 90 90 90

54-25+210
- 90
239
T 90

3 4

59

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.

5=5
9=3
The least common multiple is 3 - 5, or 45.
3,4.27.20
59 45 45

=27+20

v

20
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17.

18.

19.

Write the prime factorization of the denominators.

Highlight the greatest power of each prime factor in either list.
6=2-3

7="1

The least common multiple is 2 - 3 - 7, or 42.

11 2 77 12

The shorter side of the rectangular plot of land measures 2400 m. So, the side length of the
square plot must be a factor of 2400.

The longer side of the rectangular plot of land measures 3200 m. So, the side length of the
square plot must be a factor of 3200.

So, the side length of the square must be a common factor of 2400 and 3200.

Write the prime factorization of each number.

Highlight the prime factors that appear in both lists.

2400=2-2-2-2-2-3-5-5

3200=2-2-2-2-2-2-2-5-5

The greatest common factor is:

2:2-2-2-2-5-5=800

The largest square has side length 800 m.

No. The number 1 is a whole number, and its only factor is 1.
A prime number has exactly 2 factors: 1 and itself
So, 1 is a whole number, but not a prime number, and it has no prime factors.

a) The side length of the square is a common multiple of 18 and 24. The least common
multiple will produce the smallest square.
The multiples of 18 are: 18, 36, 54, 72, ...
The multiples of 24 are: 24, 48, 72, ...
The least common multiple of 18 and 24 is 72.
So, the dimensions of the square are 72 cm by 72 cm.

b) The dimensions of the floor in centimetres are 648 cm by 1512 cm.
If 18 or 24 is a factor of each dimension, then the tiles will cover the floor.
648 ~ 18 =136 648 ~24 =27
1512+ 18=84 1512 +24=63

Since both dimensions of the tile are factors of the dimensions of the floor, the tiles could

be used to cover the floor.

Lesson 3.1 = Copyright © 2011 Pearson Canada Inc. 14
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20. a) A square with side length 1 mi. measures 5280 ft. by 5280 ft.

21.

22.

b)

Determine whether 660 is a factor of 5280.

5280 + 660 =8

Since 66 is a factor of 660, then 66 is a factor of 5280, and 5280 + 66 = 80
So, the rectangles for 1 acre fit exactly into a section.

From part a, 8 rectangles fit along the one side of a section and 80 rectangles fit along the
side at right angles.

For a quarter section, which is a square with side length % mi., 4 rectangles will fit

along one side and 40 rectangles will fit along the side at right angles. So, the rectangles
for 1 acre do fit exactly into a quarter section.

The side length of the square is a common multiple of 660 and 66. The least common
multiple will produce the smallest square.

Since 660 = 66 - 10, then the least common multiple of 660 and 66 is 660.

So, the side length of the smallest square is 660 ft.

Yes, 61 +7=28.7142...

And, 61 is not divisible by 8 because 61 is an odd number.
There are no more natural numbers between 7 and 8.7142....
So, 61 is not divisible by any natural number.

The edge length, in centimetres, of the smallest cube that could be filled with these bars is the
least common multiple of 10, 6, and 3.

The multiples of 10 are: 10, 20, 30, ...

The multiples of 6 are: 6, 12, 18, 24, 30, ...

The multiples of 3 are: 3, 6,9, 12, 15, 18, 21, 24, 27, 30, ...

The least common multiple is 30.

So, the edge length of the cube is 30 cm.
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Lesson 3.2 Perfect Squares, Perfect Cubes, and Their Roots Exercises (pages 146-147)
A

4. Use a calculator to write each number as a product of its prime factors, then arrange the
factors in 2 equal groups. The product of the factors in one group is the square root.
a) 196=2-2-7-7
=227
=14-14

\/196 =14

b) 256=2-2-2-2-2-2-2-2
=(2-2-2-2)2-2-2-2)
=16-16

V256 =16

¢) 361=19-19

V361 =19

d) 289=17-17

V289 =17

e) 441=3-3-7-7
=(3-NDB-7
=21-21

441 =21

5. Use a calculator to write each number as a product of its prime factors, then arrange the
factors in 3 equal groups. The product of the factors in one group is the cube root.
a) 343=7-7-17

43 =7

b) 512=2-2-2-2:2-2-2-2-2
=(2-2-2)2-2-2)2-2-2)
8

-8-8-8
Y512 =8

¢) 1000=2-2-2-5-5-5
=2-52-52-5)

=10-10-10
/1000 =10

d) 1331=11-11-11
1331 =11
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e) 3375=3-3-3-5-5-5

=3-:53:-53"5)
=15-15-15

/3375 =15

6. Use a calculator to write each number as a product of its prime factors. If the factors can be
arranged in 2 equal groups, then the number is a perfect square. If the factors can be arranged
in 3 equal groups, then the number is a perfect cube.

a)

b)

d)

225=3-3-5-5
=3-53"-95)
The factors can be arranged in 2 equal groups, so 225 is a perfect square.

729=3-3-3-3-3-3

=(3-3)3-3)(33)

=(3-3-3)3-3-3)
The factors can be arranged in 2 equal groups and in 3 equal groups, so 729 is both a
perfect square and a perfect cube.

1944=2-2-2-3-3-3-3-3
The factors cannot be arranged in 2 or 3 equal groups, so 1944 is neither a perfect square
nor a perfect cube.

1444 =2-2-19-19
=2-19)2-19)
The factors can be arranged in 2 equal groups, so 1444 is a perfect square.

4096

2:2:2:2:2-2:2:2:2-2-2"

=2-2:2-2-2-2)2-2-2-2-2-2)
=(2-2:2-2)2-2-2-2)2-2-2-2)

The factors can be arranged in 2 equal groups and 3 equal groups, so 4096 is both a

perfect square and a perfect cube.

2
2

13824=2-2-2-2-2-2-2-2-2-3-3-3
=2-2-2-3)2-2-2-3)2-2-2-3)
The factors can be arranged 3 equal groups, so 13 824 is a perfect cube.

7. The side length of each square is the square root of its area. Use a calculator to write each
number as a product of its prime factors, then arrange the factors in 2 equal groups. The
product of the factors in one group is the square root.

a)

b)

484=2-2-11-11
=2 112 11)
=22-22

Ja84 =22

The side length of the square is 22 mm.

1764=2-2-3-3-7-7
=2-3-72-3-7)
—42-42
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8.

10.

V1764 =42

The side length of the square is 42 yd.

The edge length of each cube is the cube root of its volume. Use a calculator to write each
number as a product of its prime factors, then arrange the factors in 3 equal groups. The
product of the factors in one group is the cube root.
a) 5832=2-2-2-3-3-3-3-3-3
=(2-3-3)(2-3-3)2-3-3)
=18-18-18
Y5832 =18

The edge length of the cube is 18 in.

b) 15625=5-5-5:5-5"-5
=5-506-505"5)
=25-25-25

315625 =25

The edge length of the cube is 25 ft.

The volume of the cube is 64 cubic feet.
The edge length of the cube, in feet, is: 3/6_4 =4

The surface area of the cube, in square feet, is 6 times the area of one face: 6(4%) = 96
The surface area of the cube was 96 square feet.

The surface area of the cube is 6534 square feet.

6534

The area of one face, in square feet, is: =1089

The side length of a face, in feet, is /1089 .
1089=3-3-11-11

=G3-11)3-11)

=33-33
1089 =33
The volume of the cube, in cubic feet, is: 33° =35 937
The volume of the cube is 35 937 cubic feet.

11. If 2000 is a perfect cube, then a cube could be constructed with 2000 interlocking cubes.

Determine the factors of 2000.

2000=2-2-2-2-5-5-5

Since these factors cannot be arranged in 3 equal groups, 2000 is not a perfect cube, and a
cube could not be constructed with 2000 interlocking cubes.

12. Use estimation or guess and check to determine the perfect square and perfect cube closest to

the first number in each given pair, then calculate the squares and cubes of all whole numbers
until the second number in each pair is reached or exceeded.

a) 315-390
17* =289 18> =324 19 =361 20% = 400
6° =216 72 =343 8 =512

Between 315 and 390, the perfect squares are 324 and 361; and the perfect cube is 343.
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Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
b) 650-750
252 =625 26 =676 27 =729 28% =784
8'=512 9% =729 10* = 1000

Between 650 and 750, the perfect squares are 676 and 729; and the perfect cube is 729.

¢) 800-925
28% =784 29% =841 30° = 900 317 =961
9° =729 10° = 1000

Between 800 and 925, the perfect squares are 841 and 900; there are no perfect cubes.

d) 1200-1350
34°=1156  35°=1225  36°=1296  37°=1369
10° = 1000 11°=1331 12° = 1728
Between 1200 and 1350, the perfect squares are 1225 and 1296; and the perfect cube is
1331.

13. For a number to be a perfect square and a perfect cube, its prime factors must be arranged in 2

14.

C

15.

equal groups and 3 equal groups; that is, each factor occurs 2(3), or 6 times, or a multiple of 6
times.

The first number, after O and 1, that is a perfect square and perfect cube is:
2:2:2:2-2-2=64

Another number that is a perfect square and a perfect cube is: 3 -
Another number that is a perfect square and a perfect cube is: 5 -

729

3:3:3:3-3
5:5-5-5-5=15625

Since the rectangular prism has a square cross-section, the prism is a square prism. Its volume
is 1440 cubic feet.
1440

Its height is 10 ft., so its base area, in square feet, is: =144

The side length of the square base, in feet, is: \/144 =12
So, the length and width of the base are 12 ft.

a) The tent has 4 congruent square faces; 2 congruent rectangular faces, and 2 congruent
triangular faces.
The area, in square feet, of each square face is: (x)(x) = x*

5x

2
The area, in square feet, of each rectangular face is: (x) (?j L

8
To determine the area of each triangle, first determine its height, 4.

Use the Pythagorean Theorem in AABC.

e=(3T-5)

_ 25 X

X
64 4

h2
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oo 25 16x?
64 64
W= %
64
h = %
\ 64
h = 3_x
8

2
The area, in square feet, of each triangular face is: %(x)[Z%_x) = 31%

8
So, the surface area of the tent is:

2 2 2 2
a4 +2| 2| g B s g 10, 3
8 16 8

8
32x7 13x2
= +
8 8
_ 45y’
8

2

The surface area of the tent is square feet.

b) Write an equation.
45x*

=90 Multiply each side by 8.
45x* =720 Divide each side by 45.

¥ =16
x= /16
x=4

16. Let the edge length of the cube be x.
Then the area of one face is x”.
And its surface area is 6x°.
The volume of the cube is x°.
The volume and surface area are equal, so:
X =6x*
Since x is not equal to 0, divide each side by x.
xX=6

The dimensions of a cube that has its surface area numerically the same as its volume are 6

units by 6 units by 6 units.

17. a) The side length of a square with area 121x*)” is: /121x*)”
Factor 121x*y* 11-11 - x-x x-x-y-y
Rearrange the factors in 2 equal groups: (11 -x - x - y)(11 - x-x-y)

So, {/121x*y* =11x%

The side length of the square is 11x%y.

Lesson 3.2 = Copyright © 2011 Pearson Canada Inc.
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b) The edge length of a cube with volume 64x°%’ is: 3/64x°y’
Factor64x6y3:2-2-2-2-2-2-x-x-x-x-x-x-y-y-y
Rearrange the factors in 3 equal groups:

So, 364x°y* =4x?y

The edge length of the cube is 4x’y.

18. List all the perfect cubes up to a number close to 1729:
1, 8,27, 64, 125,216, 343, 512, 729, 1000, 1331, 1728
Use guess and check.
The 1st and 12th perfect cubes have the sum: 1 + 1728 = 1729
The 9th and 10th perfect cubes have the sum: 729 + 1000 = 1729
No other perfect cubes have the sum 1729.
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Checkpoint 1

3.1

Chapter 3
Factors and Products

Assess Your Understanding (page 149)

1. Use a calculator to divide each number by its prime factors.

a)

1260=2-2-3-3-5-7
=22.32.5.7

b) 4224=2-2-2-2-2-2-2-3-11

¢)

d)

=27-3-11

6120=2-2-2-3-3-5-17
=23.32.5.17

1045=5-11-19

e) 3024=2-2-2-2-3-3-3-7

f)

=237

3675=3-5-5-7-7
:3.52.72

2. List the factors of each number, then highlight the common factors.

a)

b)

©)

d)

Checkpoint 1

40=2-2-2-5
48=2-2-2-6
56=2-2-2-7
The greatest common factor is

84=2-2-3-7
120=2-2-2-3-5
144=2-2-2-2-3-3

The greatest common factor is:

145=5-29
205=5-41
320=2-2-2-2-2-2-5

The greatest common factor is:

208=2-2-2-2-13
368=2-2-2-2-23
528=2-2-2-2-3-11

The greatest common factor is

856=2-2-2-107
1200=2-2-2-2-3-5-5
1368=2-2-2-3-3-19
The greatest common factor is

950=2-5-5-19
1225=5-5-7-7
1550=2-5-5-31
The greatest common factor is

:2-2-2=8

:2:2-2-2=16

:2-2-2=8

:5:5=25

= Copyright © 2011 Pearson Canada Inc. 22
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3. Factor each number.

Highlight the greatest power of each prime factor in any list.

Chapter 3

Factors and Products

The least common multiple is the product of the greatest power of each prime factor.

a) 12=2-2-3=2%-3
15=3-5
21=3-7
The least common multiple is: 2> 3 - 5 - 7 =420

b) 12=2-2-3=2%-3
20=2-2-5=2>-5
32=2-2:2:2-2=2°
The least common multiple is: 2° - 3 - 5 =480

¢) 18=2-3-3=2-3?
24=2-2-2-3=2"-3
30=2-3-5
The least common multiple is: 2° - 3%+ 5 = 360

d) 30=2-3-5
32=2-2-2-2-2=2°
40=2-2-2-5=2%-5
The least common multiple is: 2° - 3 - 5 =480

e) 49=7-7="7
56=2-2:2-7=2°-17
64=2-2-2-2-2-2=2°
The least common multiple is: 2° - 7> = 3136

f) 50=2-5-5=2-5°
55=5-11
66=2-3-11
The least common multiple is: 2 - 3 - 57+ 11 = 1650

8 5 88 15
4. a) —+ ==+ =
3 11 33 33
_103
3
p 13 4_91 2
5 7 35 35
_ 7
35
9 7 27 70
) — o= —
10 3 30 30
_ 27
7

Checkpoint 1 = Copyright © 2011 Pearson Canada Inc.
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5. Find the least common multiple of 365 and 260.
365=5-173
260=2-2-5-13
The least common multiple is: 2-2-5-13 - 73 =18 980

The first day on both calendars would occur again after 18 980 days, which is 18 980 years,

or 52 years.
3.2

6. I could list the prime factors, then arrange them in two equal groups, or I could estimate then
use guess and check. I will use prime factors.
a) 400=2-2-2-2-5-5
=(2-2-5)(2-2-5)
=20-20

V400 =20

b) 784=2-2-2-2-7-7
=2-2-72-2-7)
—28-28

V784 =28

¢ 576=2-2-2-2-2
=(2-2-2-3)Q
24 - 24

V576 =24

d) 1089=3-3-11-11
—(3-1D)3-11)
=33-33

1089 =33

e) 1521=3-3-13-13
=(3-13)3 - 13)
=39-39

<1521 =39

f)  3025=5-5-11-11
=(5-11)5 - 11)
=55-55

V3025 =55

7. Icould list the prime factors, then arrange them in three equal groups, or I could estimate then
use guess and check. I will use prime factors.
a) 1728=2-2-2-2-2-2-3-3-3
=(2-2-3)2-2-3)2-2-3)
=12-12-12

1728 =12

233
2-2-3)
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b) 3375=3-3-3-5-5-5
—(3-53-535)

=15-15-15

/3375 =15

¢) 8000=2-2-2-2:2-2-5-5-5
=(2-2-5)2-2-5)2-2-5)

=20-20-20

/8000 =20

d) 5832=2-2-2-3-3-3-3-3-3
=(2-3-3)2-3-3)2-3-3)

=18-18-18

/5832 =18

e) 10648=2-2-2-11-11-11
=2-1D)2-1DH2-11)

=22-22-22

310 648 =22

f) 9261=3-3-3-7-7-7
=3-D3-NH3-7

=21-21-21

9261 =21

Chapter 3

Factors and Products

8. Use a calculator to write each number as a product of its prime factors. If the factors can be
arranged in 2 equal groups, then the number is a perfect square. If the factors can be arranged
in 3 equal groups, then the number is a perfect cube.
a) 2808=2-2-2-3-3-3-13

The factors cannot be arranged in 2 or 3 equal groups, so 2808 is neither a perfect square

nor a perfect cube.

b) 3136=2-2-2-2-2-2-7-7

=2-2:2-72-2-2-7)
The factors can be arranged in 2 equal groups, so 3136 is a perfect square.

¢) 4096=2-2-2-2:2-2-2-2:2-2-2-2
=2-2-2-2-2-2)2-2-2:2-2-2)
=2-2-2-2)2-2-2-2)(2-2-2-2)
The factors can be arranged in 2 equal groups and 3 equal groups, so 4096 is both a
perfect square and a perfect cube.

d) 4624=2-2-2-2-17-17
=2-2-17)2-2-17)

The factors can be arranged in 2 equal groups, so 4624 is a perfect square.

Checkpoint 1

= Copyright © 2011 Pearson Canada Inc.
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9.

10.

e) 5832=2-2-2-3-3-3-3-3-3
=(2-3-3)(2-3-3)2-3-3)
The factors can be arranged in 3 equal groups, so 5832 is a perfect cube.

f) 9270=2-3-3-5-103
The factors cannot be arranged in 2 or 3 equal groups, so 9270 is neither a perfect square
nor a perfect cube.

Use estimation or guess and check to determine the perfect square and perfect cube closest to
the first number in each given pair, then calculate the squares and cubes of all whole numbers
until the second number in each pair is reached or exceeded.

a) 400 — 500

20° =400 21% =441 222 =484 23?2 =529

7} =343 8'=512

Between 400 and 500, the perfect squares are 441 and 484; there are no perfect cubes.
b) 900 — 1000

30% =900 317=961 322 =1024

9% =729 10° = 1000

Between 900 and 1000, the perfect square is 961; there are no perfect cubes.

¢) 1100-1175
33 =1089  34°=1156  35°=1225
10°=1000  11°=1331
Between 1100 and 1175, the perfect square is 1156; there are no perfect cubes.

The edge length of the cube, in metres, is /2197 .
2197=13-13-13

So, /2197 =13

The surface area of one face, in square metres, is: 13 =169

The surface area of the cube, in square metres, is: 6(169) = 1014

One can of paint covers about 40 m”.
1014

So, the number of cans of paint needed is: =25.35

Twenty-six cans of paint are needed.
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Lesson 3.3 Common Factors of a Polynomial Exercises (pages 155-156)
A

4. a) There are 3 x-tiles and twelve 1-tiles.
So, the polynomial is: 3x + 12
The length of the rectangle is x + 4 and the width is 3; these are the factors.
So,3x+12=3(x+4)

b) There are 4 x*-tiles and 10 x-tiles.
So, the polynomial is: 4x* + 10x
The length of the rectangle is 2x + 5 and the width is 2x; these are the factors.
So, 4x* + 10x = 2x(2x + 5)

¢) There are 12 x’-tiles, 8 negative x-tiles, and sixteen 1-tiles.
So, the polynomial is: 12x* — 8x + 16
There are 4 equal groups of tiles; 4 is one factor.
Each group of tiles contains 3 x’-tiles, 2 negative x-tiles, and four 1-tiles; 3x* — 2x + 4 is
the other factor.
So, 12x* — 8x + 16 =4(3x* — 2x + 4)

5. a) 6=2-3
15n=3-5n
The greatest common factor of 6 and 157 is 3.

b) 4m=2-2-m
m*=m-m
The greatest common factor of 4m and m” is m.

6. For each polynomial, write each term as the product of the greatest common factor and
another monomial. Then use the distributive property to write the expression as a product.
a) The greatest common factor of 6 and 157 is 3.
i) 6+ 15n=3(2) + 3(5n)

=3(2+5n)

ii) 6—15n=3(2)—3(5n)
=3(2-5n)

iii) 15n—6=3(51)—3(2)
=3(5n-2)

iv) —15n+ 6 =3(-5n) + 3(2)
=3(-5n+2)

b) The greatest common factor of 4m and m” is m.

i) 4m + m* = m(4) + m(m)
=m(4 + m)

ii) m* + 4m = m(m) + m(4)
=m(m+4)

iii)  4m—m* = m(4) — m(m)
=m(4 — m)

iv) m* —4m = m(m) — m(4)
=m(m —4)
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B

Chapter 3
Factors and Products

7. Arrange the algebra tiles in a rectangle; if more than one rectangle is possible, make the
rectangle that is closest to a square. Or, make as many equal groups of tiles as possible.

a)

b)

d)

e)

Lesson 3.3 = Copyright © 2011 Pearson Canada Inc.

Arrange 5 y-tiles and ten 1-tiles to form a rectangle.
The length of the rectangle is y + 2 and the width is 5.
S5p+10=5(y+2)

Arrange six 1-tiles and 12 x*-tiles into equal groups.
There are 6 groups; each contains one 1-tile and 2 x*-tiles.
6+ 12x* = 6(1 + 2x%)

] (]
[m] (]
O (]

Arrange 9 k-tiles and six 1-tiles in a rectangle.
The length of the rectangle is 3k + 2 and the width is 3.
9% +6=33k+2)

( I I 1]

[ | | 1]

[ | | 1]

Arrange 4 s*-tiles and 14 s-tiles in a rectangle.
The length of the rectangle is 25 + 7 and the width is 2s.
4s* + 14s = 25(2s + 7)

Arrange 1 y-tile and 1 y*-tile in a rectangle.
The length of the rectangle is 1 + y and the width is y.

y+yt=y(1+y)

Arrange 3 h-tiles and 7 i’-tiles in a rectangle.
The length of the rectangle is 3 + 74 and the width is 4.
3h+Th* =h(3 +7h)
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8. For each binomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product.

I cannot use algebra tiles because I do not have x’-tiles, or tiles for greater powers of x.
a) 9»*—12b°

9*=3-3-b-b

126°=2-2-3-b-b-b

The greatest common factor is: 3 - b - b = 35

9b* — 12b° = 3b%(3) — 3b*(4b)

=3b%(3 — 4b)
Check: 3b%(3 — 4b) = 3b*(3) — 3b*(4b)
=9b* — 12b°
b) 48s°—12
485°=2-2-2-2-3-b-b-b
12=2-2-3

The greatest common factoris: 2 -2 -3 =12
48s° — 12 = 12(4s°) — 12(1)

=12(4s5° - 1)
Check: 12(4s® — 1) = 12(4s”) — 12(1)
=485’ — 12
c) —a-a
a2 =a-a

d=a-a-a
The greatest common factor is: a - a = a”
" —a’ =a*(-1)—a*(a)
=a*(-1—a)
=d*(-1)(1 +a)
=—a*(1 +a)
Check: —a*(1 + a) = —azz(l) ¥ (—a*)(a)

=—a —a

d) 3x*+6x*
3x*=3-x-x
6x*=2-3-x-x-x-x
The greatest common factor is: 3 - x - x = 3x°
3%+ 6x* = 3x%(1) + 3x%(2x%)
=3x%(1 + 2x%)
Check: 3x*(1 + 2x%) = 3x*(1) + 3x*(2x%)

=3x"+ 6x*
e) 8°—12y
8y3=2~2-2-y~y-y
12y=2-2-3-y

The greatest common factoris: 2 -2 -y =4y
8y — 12y = 49(2)") - 4(3)

=4y(2"-3)
Check: 4y(2)” — 3) = 4p(2)°) — 4y(3)
=8y’ — 12y
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f) -7d- 14d*
7d=17-d

14d'=2-7-d-d-d-d
The greatest common factor is: 7 - d = 7d
~7d — 14d" = 7d(-1) — 7dQ2d")
=7d(-1 - 2d°)
=7d(-1)(1 + 2d°)
=-7d(1 + 24
Check: —7d(1 + 2d%) = —7d(1) + (-7d)(2d")
=_7d - 14d'

9. Arrange the algebra tiles in as many equal groups as possible.
a) Arrange 3 x’-tiles, 12 x-tiles, and 6 negative 1-tiles into equal groups. There are 3 groups;
each contains 1 x*-tile, 4 x-tiles, and 2 negative 1-tiles.
3%+ 12x— 6 =3(x" + 4x — 2)
il

b) Arrange four 1-tiles, 6 negative y-tiles, and 8 negative y-tiles into equal groups. There
are 2 groups; each contains two 1-tiles, 3 negative y-tiles, and 4 negative y*-tiles.
4—6y—8°=2(2-3y—4?

...-IIIDD
-..-IIIDEJ

¢) Arrange 7 negative m-tiles, 7 negative m’-tiles, and 14 negative 1-tiles into equal groups.
There are 7 groups; each contains 1 negative m-tile, 1 negative m’-tile, and 2 negative 1-
tiles.
—Tm—Tm* — 14 ="T(=m —m* — 2)
=7(=1)(m + m* +2)
=_7(m+ m*+2)

d) Arrange 10 n-tiles, 6 negative 1-tiles, and 12 negative n’-tiles into equal groups. There
are 2 groups; each contains 5 n-tiles, 3 negative 1-tiles, and 6 negative n’-tiles.
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101 — 6 — 12n* =2(5n — 3 — 6n°)

EEEEEN
0

]
]

Arrange eight 1-tiles, 10 x-tiles, and 6 x*-tiles into equal groups. There are 2 groups; each
contains four 1-tiles, 5 x-tiles, and 3 x’-tiles.
8 + 10x + 6x% = 2(4 + 5x + 3x7)

O
1]

Arrange 9 negative 1-tiles, 12 b-tiles, and 6 b°-tiles into equal groups. There are 3 groups;
each contains 3 negative 1-tiles, 4 b-tiles, and 2 b-tiles.
9+ 12b + 6b* = 3(-3 + 4b + 2b%)
=3(-1)(3 —4b —2b%)
=-3(3—4b-2b%
nomneese

10. For each trinomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product.

I cannot use algebra tiles because I do not have x’-tiles, or tiles for greater powers of x.

a)

b)

5+ 15m* - 10m’

5=5

15m*=3-5-m-m

10m°=2-5-m-m-m

The greatest common factor is: 5

5+ 15m* — 10m® = 5(1) + 5(3m?) — 5(2m°)
=5(1+3m* - 2m’)

Check: 5(1 + 3m* — 2m’) = 5(1) + 5(3m*) — 5(2m’)

=5+ 15m* — 10m’

27n+ 36— 18n°
2Th=3-3-3 n
36=2-2-3-3
18°=23-3-n-n-n
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©)

d)

11. a)

The greatest common factoris: 3-3 =9
27n+ 36 — 18n° = 9(3n) + 9(4) — 9(2n°)
=9(3n+4-2n)
Check: 9(3n + 4 — 2n°) = 9(3n) + 9(4) — 9(21°)
=27n+ 36— 18>

6v' +7v— 8V
6V=2-3-v-v-v-v
Tv="7"-v

8'=2:2-2-y-v-v
The greatest common factor is: v
6v* + v — 8V’ = w(6v) + W(7) — v(8V?)
=6V +7-8)
Check: v(6v° + 7 — 8v) = w(6v°) + v(7) — »(8V)
=6Vt +7v -8

32— 13¢* - 12¢°

3¢*=3-¢-c

13¢*=13-¢c-c-c-c

12=2-23-¢c-c-c

The greatest common factor is: ¢ - ¢ = ¢*

-3¢ = 13¢* = 126 = A(-3) - (137 - A(12¢)
= (-3 - 13— 12¢)
=13+ 13+ 12¢)
=—*3+ 13+ 12¢)

Check: —*(3 + 13¢° + 12¢) = —c*(3) + (=cD)(13¢%) + (=c))(12¢)

=3¢ - 13¢4 - 12¢°

24x + 30x° — 12x*
24x=2-2-2-3-x
3x°=2-3-5-x-x
12x*=2-2-3-x-x-x"x
The greatest common factoris: 2 - 3 - x = 6x
24x + 30x” — 12x* = 6x(4) + 6x(5x) — 6x(2x°)
= 6x(4 + 5x — 2x°)
Check: 6x(4 + 5x — 2x°) = 6x(4) + 6x(5x) — 6x(2x°)
= 24x + 30x" — 12x"

st st —4s
st=s5-s's°s
s =s"s
4s=2-2"5§

The greatest common factor is: s
st 57 —ds = s(s7) + 5(s5) — 5(4)

=5(s> +5—4)
Check: s(s” + s — 4) = s(s°) + s(s) — s(4)
=5' 57— ds

There are 12 negative x’-tiles and 20 x-tiles.
So, the polynomial is: —12x* + 20x

Lesson 3.3 = Copyright © 2011 Pearson Canada Inc.
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b) Factor each term, then identify the greatest common factor.

12. a)

b)

12x’=2-2-3-x-x
206=2-2-5"x
The greatest common factor is: 2 - 2 - x = 4x
Write each term as the product of the greatest common factor and another monomial.
—12x" + 20x = 4x(-3x) + 4x(5)
Use the distributive property to write the expression as a product.
—12x% + 20x = 4x(-3x + 5)
=4x(-1)(3x—5)
=—-4x(3x - 5)

The factors can be written in two ways: 4x and —3x + 5; or 4x and 3x — 5

The width of the rectangle is —3x + 5 and its length is —4x.

So, for each way the factors are written, only one of the factors matches the dimensions
of the rectangle.

i) When the student wrote each term as a product of the common factor and another
monomial, he probably wrote the 3rd term, 3m, as 3m(0), so when the student
used the distributive property, this term disappeared.

The correct solution is:
3m* + 9m® — 3m = 3m(m) + 3m(3m*) — 3m(1)
=3m(m+3m* - 1)

ii) When the student removed —4 as a common factor, he or she forgot to consider
the negative sign when writing the 2nd term as the product of the common factor
and another monomial. Also, the student wrote the other monomial for the 3rd
term incorrectly.

The correct solution is:
—16 + 8n — 4n® = —4(4) + (—4)(=2n) + (—4)(n°)
=_4(4-2n+n’)

The student should have expanded to check that the factored expression is equal to the
given expression.

13. The monomial is 1 when the factor is equal to the term; for example, if the factor is 2x and
the term is 2x, I write: 2x = 2x(1)
The monomial is —1 when the factor and the term are opposites; for example, if the factor is
2x and the term is —2x, [ write: —2x = 2x(—1)

14.a) X*+6x—T7-x*—2x+3=x"—x"+6x-2x-7+3

b)

=4x—-4
Factor. The common factor is 4.
4x —4=4(x)—4(1)
=4(x—1)

12m° = 24m — 3 + 4m* — 13 = 12m* + 4m* — 24m — 3 — 13
= 16m* —24m — 16
Factor. The common factor is 8.
16m* — 24m — 16 = 8(2m*) — 8(3m) — 8(2)
=8(2m* —3m —2)
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) -Tn'—sn*+2n—-n*—n*—12n=-Tn* -’ -5 —n*+2n—12n
=_8n’ — 6n° — 10n
Factor. The common factor is 2n.
—8n® — 6n* — 10n = 2n(—4n*) — 2n(3n) — 2n(5)
=2n(-4n* —3n - 5)
=2n(-1)(4n* +3n +5)
= 2n(4n’* +3n+5)

15. a) i) A% =2-2-s"s"tt
125°F=2-2-3 -5 sttt
36s£=2-2-3-3-s5-tt
The greatest common factor is: 2+ 2 - s - ¢ - t = 4st*

ii) 3ab=3-a-a-a-b
8a’b=2-2-2-a-a-b
9¢'h=3-3-a-a-a-a-b
The greatest common factor is: @ - a - b = a°b

i) 12x*=2-2-3-xx"x"y-y
12x4y3=2-2~3-x-x~x-x-y~
36x2y4=2-2~3~3-x~x-y-y-

yy
Yy

Chapter 3
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The greatest common factoris: 223 - x - x -y y=12x%"

b) i) 45°F + 125°6 + 365t = 4st’(s) + 4st*(3st) + 4st(9)
= 4sf(s + 35t + 9)

iii) 12578 — 4s*F — 36s1° = 4st*(3st) — 4st°(s) — 4st*(9)
=45/ (3st — s — 9)

iii)  —3a’b—9a’b + 8a’b = a’b(-3a) — a*b(9a”) + a*b(8)
= a’b(-3a — 94" + 8)
=a’b(-1)(3a + 94> - 8)
=—a’b(3a + 9a* - 8)

iv) 9a*b + 3a’h — 8a’b = a*b(9a%) + a’b(3a) — a’b(8)
= a*b(9a* + 3a — 8)

V) 36x%" + 1207 + 12xY° = 12x92(3)) + 1277 (x) + 12063 (x%)

= 12x*(3y* + x + x%)

vi) 3657y — 12x%)° — 126 = 12xH2(=3)%) + 12xH%(—xy) + 12x7)(—x)

= 12X (=3 —x’y —Xx)
=12 (-1)(3y* + x*y +x)
=—12x*(3y* + ¥’y +x)

16. For each trinomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the

distributive property to write the expression as a product.
a) 25xy+ 15x" —30x%)°

25xy=5-5-x"y

15°=3-5-x"x
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b)

d)

30x)*=2-3-5-x-x-y-y
The greatest common factor is: 5 - x = 5x
25xy + 15x% — 30x%)* = 5x(5y) + 5x(3x) — 5x(6x)7)
= 5x(5y + 3x — 6x)7)
Check: 5x(5y + 3x — 6xp%) = 5x(5y) + 5x(3x) — 5x(6x)°)
=25xy + 15x* — 30xH°

51m*n + 39mn* — 72mn

51mn=3-17-m-m-n

39mn*=3-13-m-n-n

M2mn=2-2-2-3-3-m-n

The greatest common factor is: 3 - m - n=3mn

51m*n + 39mn* — 72mn = 3mn(17m) + 3mn(13n) — 3mn(24)
=3mn(17m + 13n —24)

Check: 3mn(17m + 13n — 24) = 3mn(17m) + 3mn(13n) — 3mn(24)

= 51m*n + 39mn* — T2mn

12p°¢"'=2-2-3-pp-q-q-q-¢q
The greatest common factoris: 3 p - p - q * g =3p°q’
w'q’ —6p’q’ + 12°q" = 3p°¢°3p°) - 3p’¢*(2pq) + 3P’ (44°)
=3p’¢’(3p” — 2pq + 44°%)
Check: 3p°¢’(3p” — 2pq + 4q°) = 3p°¢°(3p°) - 3p°4°(2pq) + 3p°¢°(4q°)
:9p4q2_6p3q3+ 12p2q4

10a°b* + 124°b* - 5a°b°

10°b*=2-5"a-a-a-b-b

12a°b*=2-2-3-a-a-b-b-b-b

50b°=5-a-a-b-b

The greatest common factoris: @ - a - b - b = a’b’

10a°b* + 12a%b* — 5a°b* = a*b*(10a) + a*b*(12b%) — a*b*(5)
=a’b*(10a + 12b* — 5)

Check: a’b*(10a + 126 — 5) = a’b*(10a) + a*b*(12b%) — a*b*(5)

=10a’b* + 12a°b"* — 54°b*

12¢d” — 8¢d — 20c%d

12¢d*=2-2-3-¢c-d-d

8cd=2-2-2-¢c-d

20c’d=2-2-5-c-c-d

The greatest common factoris: 2 -2 - ¢ - d=4cd

12¢d” — 8¢d — 20¢°d = 4cd(3d) — 4cd(2) — 4cd(5¢)
=4cd(3d -2 -5¢)

Check: 4cd(3d — 2 — 5¢) = 4cd(3d) — 4cd(2) — 4cd(5¢)

= 12cd” — 8cd — 20c%d

s + 1475 = 21rs”
=T rr-r-s-s-s
14°*=2-Tr r-s-s
2lrs? =37 r-s-s
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17. a)

b)

18. a)

b)

The greatest common factor is: 7 - 7+ s - 5 = 7rs”
T8 + 14175 = 21rs* = Trs*(r’s) + Trs*(2r) — Trs*(3)
=Trs*(r’s + 2r — 3)
Check: 7rs*(rs + 2r — 3) = Trs*(r’s) + Trs*(2r) — Trs*(3)
=775 + 1417s* = 21rs”

Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the distributive
property to write the expression as a product.
SA =2m” + 2nrh
2 =2-mrr
2nrh=2-m-r- h
The greatest common factor is: 2 - - » = 2nr
2mr + 2mrh = 2mr(r) + 2mr(h)
=2nr(r+ h)
So, in factored form, S4 = 2nr(r + h)

Use: SA = 2’ + 2mrh Substitute: » =12 and & = 23
SA =2n(12)* + 2n(12)(23)
=288n + 552n
= 840mn
=2638.9378...

Use: SA =2nr(r + h) Substitute: » =12 and & = 23
S4 =2n(12)(12 + 23)

=24n(35)

= 840n

=2638.9378...
The surface area of the cylinder is approximately 2639 cm’.
The factored form of the formula is more efficient to use because fewer calculations are
required, and I can use mental math for some calculations.

Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the distributive
property to write the expression as a product.
SA = + mrs
w=m-rer
TS=T| F-S
The greatest common factor is: &t - » = 7r
o + wrs = wr(r) + wr(s)
=7r(r+s)
So, in factored form, S4 = nr(r + )

Use: SA = + wrs Substitute: =9 and s = 15
S4 =1(9)* + m(9)(15)
=8Iln+ 135%n
=216n
= 678.5840...
Use: S4 = nr(r + 5) Substitute: » =9 and s = 15

SA4 =n(9)(9 + 15)
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=9n(24)
=2l6x
=678.5840...

19. a)

b)

The surface area of the cone is approximately 679 cm”.
The factored form of the formula is more efficient to use because fewer calculations are
required, and I can use mental math for some calculations.

Assume the base of the silo is not included in the surface area.
The surface area of the silo is:
the curved surface area of a cylinder + the curved surface area of a hemisphere
The curved surface area of the cylinder is: 2nrh
The curved surface area of the hemisphere is: 217
The surface area of the silo is:
SA = 2mrh + 2
Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the distributive
property to write the expression as a product.
2nrh=2-m-r-h
2t =2-mrr
The greatest common factor is: 2 - - » = 2nr
2nrh + 21 = 2mr(h) + 2mr(r)
=2nr(h+r)

I will use the factored form because I have fewer calculations and I can use mental math
for some of them.
SA=2mr(h+7) Substitute: =6 and 2 =10

=2m(6)(10 + 6)

= 12n(16)

=192n

=603.1857
The surface area of the silo is approximately 603 m®.

The volume of the silo is:
the volume of a cylinder + the volume of a hemisphere
The volume of the cylinder is: w*h

The volume of the hemisphere is: %mﬁ
The volume of the silo is:
V=mrh+ %mﬁ

Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the distributive
property to write the expression as a product.

wh=m-r-r-h

2 5 2

—r = — "{Tr-r-r

3

The greatest common factor is: 7 - 7 - r = 1

wth + %mﬁ = mw*(h) + [%rj
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= (h + %r)

So, in factored form, V' =m(h + gr)
3

I will use the factored form because I have fewer calculations and I can use mental math
for some of them.

V=mnr(h+ %r) Substitute: =6 and 4 = 10

— (6)(10 + %(6))

=36mn(14)
=504n
=1583.3626...
The volume of the silo is approximately 1583 m”.

20. Factor: n”” —n=n(n—1)
When 7 is an integer, n — 1 is also an integer, and the product of two integers is an integer.
So, when 7 is an integer, then n* — n is always an integer.

C

21. a) The surface area of a cylinder with base radius  and height # is: 2 + 2mrh
From question 17a, this expression factors as: 2mr(r + /)
The curved surface area of the cylinder is: 2nrh

The fraction of the surface area that will be painted is: _2mh

2Tcr(r + h)
. . 27trh .. . .
b) To simplify the fraction , divide numerator and denominator by their
an(r + h)
common factor, 27r.
The fraction simplifies to:
r+h

22. a) Draw a pentagon, then draw the diagonals from one vertex.

From the diagram, 2 diagonals can be drawn from one vertex of a pentagon.
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b)

Draw a hexagon, then draw the diagonals from one vertex.

From the diagram, 3 diagonals can be drawn from one vertex of a hexagon.

For a polygon with 7 sides and » vertices, (n — 1) line segments can be drawn from one
vertex to all the other vertices. But two of these line segments are sides of the polygon, so
(n — 3) of the line segments are diagonals.

For a polygon with 7 sides, (n — 3) diagonals can be drawn from one vertex.

2
Factor: no_ 3—”
2 2

. n
The common factor of the two terms is 5

The total number of diagonals in a polygon can be written as %(n -3).

To explain why this formula is reasonable:
There are n vertices; so from all the vertices, n(n — 3) diagonals can be drawn. But each
diagonal has been counted twice, so divide by 2 to get the total number of diagonals:

gm—a
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Lesson 3.4 Math Lab: Assess Your Understanding (page 158)

1. a)

b)

b)

©)

d)

Modelling Trinomials as Binomial Products

Try to arrange 1 y’-tile, 4 y-tiles, and three 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 d’-tile, 7 d-tiles, and ten 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 m’-tile, 7 m-tiles, and seven 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 7-tile, 14 r-tiles, and fourteen 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 #'-tile, 6 r-tiles, and six 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 p’-tile, 9 p-tiles, and two 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 2 s°-tiles, 7 s-tiles, and three 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 3 w’-tiles, 5 w-tiles, and two 1-tiles in a rectangle. A rectangle is possible.
ry g g g

Try to arrange 2 f'-tiles, 3 ftiles, and two 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 2 h’-tiles, 10 A-tiles, and six 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 4 n’-tiles, 2 n-tiles, and one 1-tile in a rectangle. A rectangle is not
possible.
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Lesson 3.4 Math Lab: Assess Your Understanding (page 158)

1. a)

b)

b)

©)

d)

Modelling Trinomials as Binomial Products

Try to arrange 1 y’-tile, 4 y-tiles, and three 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 d’-tile, 7 d-tiles, and ten 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 m’-tile, 7 m-tiles, and seven 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 7-tile, 14 r-tiles, and fourteen 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 #'-tile, 6 r-tiles, and six 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 1 p’-tile, 9 p-tiles, and two 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 2 s°-tiles, 7 s-tiles, and three 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 3 w’-tiles, 5 w-tiles, and two 1-tiles in a rectangle. A rectangle is possible.
ry g g g

Try to arrange 2 f'-tiles, 3 ftiles, and two 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 2 h’-tiles, 10 A-tiles, and six 1-tiles in a rectangle. A rectangle is not
possible.

Try to arrange 4 n’-tiles, 2 n-tiles, and one 1-tile in a rectangle. A rectangle is not
possible.
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f) Try to arrange 6 k’-tiles, 11 k-tiles, and three 1-tiles in a rectangle. A rectangle is
possible.

3. Use the patterns you found in Construct Understanding. There are twelve 1-tiles. Write all
the pairs of numbers that have a product of 12. The numbers of x-tiles that you could use to
make rectangles are equal to the sums of the numbers in these pairs.

12=1-12 1+12=13
12=2-6 2+6=8
12=3-4 3+4=7

These sets of tiles make rectangles:
1 x’-tile, 13 x-tiles, and twelve 1-tiles
1 x’-tile, 8 x-tiles, and twelve 1-tiles
1 x’-tile, 7 x-tiles, and twelve 1-tiles

4. Use algebra tiles. Arrange 9 x-tiles on two sides of 2 x*-tiles in as many different ways as
possible, so that rectangles can be completed by adding 1-tiles. For each arrangement, add
1-tiles to complete a rectangle. Here are the possible arrangements.

With four 1-tiles:

With nine 1-tiles:

With ten 1-tiles:

With seven 1-tiles:
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Lesson 3.5 Polynomials of the Form x* + bx + ¢ Exercises (pages 166—167)

A

4. a) There are 1 x’-tile, 4 x-tiles, and three 1-tiles.

b)

d)

b)

d)

So, the trinomial is: x* + 4x + 3
The length of the rectangle is x + 3 and the width is x + 1.
So, the multiplication sentence is: (x + 3)(x + 1) = x* + 4x + 3

There are 1 x’-tile, 6 x-tiles, and eight 1-tiles.

So, the trinomial is: x* + 6x + 8

The length of the rectangle is x + 4 and the width is x + 2.
So, the multiplication sentence is: (x + 4)(x +2) =x* + 6x + 8

There are 1 x’-tile, 10 x-tiles, and twenty-five 1-tiles.

So, the trinomial is: X+ 10x + 25

The length of the rectangle is x + 5 and the width is also x + 5.
So, the multiplication sentence is: (x + 5)(x + 5) =x* + 10x + 25

There are 1 x’-tile, 9 x-tiles, and eighteen 1-tiles.

So, the trinomial is: x* + 9x + 18

The length of the rectangle is x + 6 and the width is x + 3.

So, the multiplication sentence is: (x + 6)(x + 3) =x* + 9x + 18

Make a rectangle with length 6 + 5 and width b + 2.

The tiles that form the product are: 1 b*-tile, 7 b-tiles, and ten 1-tiles.
So, (b+2)(b+5)=b"+7b+10

Make a rectangle with length # + 7 and width n + 4.

The tiles that form the product are: 1 n’-tile, 11 n-tiles, and twenty-eight 1-tiles.
So,(n+4)(n+7)=n+11n+28

Make a rectangle with length /4 + 8 and width 4 + 3.

The tiles that form the product are: 1 h*-tile, 11 A-tiles, and twenty-four 1-tiles.
So, (h+8)(h+3)=h"+11h+24

Make a rectangle with length £ + 6 and width £ + 1.
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The tiles that form the product are: 1 &>-tile, 7 k-tiles, and six 1-tiles.
So, (k+ 1)(k+6)=kK +Tk+6

6. a) i)

ii)

b) 1)

d) i)

iii)

7. a) i)

Lesson 3.5

There are 1 x*-tile, 4 x-tiles, and four 1-tiles.
So, the trinomial is: x* + 4x + 4

The length of the rectangle is x + 2 and the width is also x + 2.

So, the factors of x* + 4x + 4 are: (x + 2)(x + 2)

There are 1 x’-tile, 5 x-tiles, and four 1-tiles.
So, the trinomial is: x* + 5x + 4

The length of the rectangle is x + 4 and the width is x + 1.
So, the factors of x* + 5x + 4 are: (x + 4)(x + 1)

There are 1 x’-tile, 6 x-tiles, and eight 1-tiles.
So, the trinomial is: x* + 6x + 8

The length of the rectangle is x + 4 and the width is x + 2.
So, the factors of x* + 6x + 8 are: (x + 4)(x + 2)

There are 1 x’-tile, 7 x-tiles, and twelve 1-tiles.
So, the trinomial is: x> + 7x + 12

The length of the rectangle is x + 4 and the width is x + 3.
So, the factors of x* + 7x + 12 are: (x + 4)(x + 3)

Only two numbers have a product of 2; the numbers are 1 and 2.

The sumis: 1 +2=3
So,a=1land b=2
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ii)

iii)

vi)

b) i)

iii)

iv)

vi)

8. a) i)

Lesson 3.5

The numbers with a product of 6 are: 1 and 6; 2 and 3
The numbers with a sum of 5 are 2 and 3.
So,a=2and b=3

The numbers with a product of 9 are: 1 and 9; 3 and 3
The numbers with a sum of 10 are 1 and 9.
So,a=1land b=9

The numbers with a product of 10 are: 1 and 10; 2 and 5
The numbers with a sum of 7 are 2 and 5.
So,a=2and b=5

The numbers with a product of 12 are: 1 and 12; 2 and 6; 3 and 4
The numbers with a sum of 7 are 3 and 4.
So,a=3and b=4

The numbers with a product of 15 are: 1 and 15; 3 and 5
The numbers with a sum of 8 are 3 and 5.
So,a=3andb=5

To factor v* + 3v + 2, find two numbers with a sum of 3 and a product of 2.
From part a, i, these numbers are 1 and 2.
So, vV +3v+2=@w+1)(v+2)

To factor w* + 5w + 6, find two numbers with a sum of 5 and a product of 6.
From part a, ii, these numbers are 2 and 3.
So, w* + 5w+ 6= (w+ 2)(w+ 3)

To factor s> + 10s + 9, find two numbers with a sum of 10 and a product of 9.
From part a, iii, these numbers are 1 and 9.
So, s+ 10s+9=(s+ 1)(s +9)

To factor £ + 7¢+ 10, find two numbers with a sum of 7 and a product of 10.
From part a, iv, these numbers are 2 and 5.
So, £+ 7t+10=(¢t+2)(t +5)

To factor y* + 7y + 12, find two numbers with a sum of 7 and a product of 12.
From part a, v, these numbers are 3 and 4.
So, )’ +Ty+12=(+3)y+4)

To factor > + 84 + 15, find two numbers with a sum of 8 and a product of 15.
From part a, vi, these numbers are 3 and 5.
So, i* +8h+15=(h+3)(h+5)

Make a rectangle with 1 v*-tile, 2 v-tiles, and one 1-tile.
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The length of the rectangle is v + 1 and the width is also v + 1.
So, vV +2v+1=@w+1)(v+1)

ii) Make a rectangle with 1 v-tile, 4 v-tiles, and four 1-tiles.

The length of the rectangle is v + 2 and the width is also v + 2.
So, V' +4v+4=@w+2)(v+2)

iii) Make a rectangle with 1 V-tile, 6 v-tiles, and nine 1-tiles.

The length of the rectangle is v + 3 and the width is also v + 3.
S0,V +6v+9=+3)v+3)

iv) Make a rectangle with 1 V-tile, 8 v-tiles, and sixteen 1-tiles.

The length of the rectangle is v + 4 and the width is also v + 4.
So, v+ 8v+16=(v+4)(v +4)

b) All the rectangles are squares. For each trinomial, its binomial factors are equal because
the sides of a square are equal.

¢) In the trinomials in part a, the coefficients of the v-terms are consecutive even numbers
and the constant terms are the squares of one-half of these coefficients.
So, the next 3 trinomials and their factors are:
V4 10v+25 =+ 5)(1v+5)
Vi+ 12v+36=(v+6)(v+6)
VA 14v+49=+T)(v+7)

9. Use the distributive property to expand. Draw a rectangle and label its sides with the binomial
factors. Divide the rectangle into 4 smaller rectangles, and label each with a term in the
expansion.

a) (m+5)(m+8) =m@m+8)+5(m+38)
= m(m) + m(8) + 5(m) + 5(8)
=m*+8m+ 5m+ 40
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b)

©)

d)
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=m’+13m + 40

m 8
m| (m)(m)=m? (m)(8) = 8m
51 (5)(m)=5m (5)(8) = 40

G+ +3)=yr+3)+9(y +3)
=y +y3)+90) +90)
=y +3y+9y+27
=)" + 12y +27
y 3

y| 00n=y" | 13 =3y

91 OW=9 | B)=27

w+2)(w+16) =w(w + 16) + 2(w + 16)
=w(w) + w(16) + 2(w) + 2(16)
=w? + 16w+ 2w+ 32
=’ + 18w+ 32

w 16
w| wWw)=w? (w)(16) = 16w
2 @Qw)=2w (2)(16) = 32

(k+ 13)(k+ 1) =k(k+ 1)+ 13(k+ 1)
= k(k) + k(1) + 13(k) + 13(1)
=K+ 1k+ 13k + 13
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=K+ 14k + 13
k 1
k (k)(k) = K* (k)(1) =k
13| (13)(k) = 13k (13)(1) = 13
10. 2) (w+3)w+2)=w'+ow+6

b)

The coefficient of w in the trinomial is the sum of the constant terms in the binomial
factors.

So,0=3+2,0r5

Then, (w+3)(w+2)=w*+5w+6

(x+35)x+o)=x"+ Ox+10

The product of the constant terms in the binomial factors is equal to the constant term in
the trinomial.

This means that 5 times the o in the binomial factor is 10.

So,0=2

The coefficient of x in the trinomial is the sum of the constant terms in the binomial
factors.

So, O =5+2,0r7

Then, (x + 5)(x +2) =x>+ 7x + 10

v+ O)y+o)=y"+ 12y +20

The constant terms in the binomial factors have a sum of 12 and a product of 20.
Two numbers with a product of 20 are: 1 and 20; 2 and 10; 4 and 5

The two numbers with a sum of 12 are 2 and 10.

So, O =2ando=10

Then, (v + 2)(y + 10) =y* + 12y + 20

11. For each trinomial, find two numbers whose sum is equal to the coefficient of the middle
term and whose product is equal to the constant term. These numbers are the constants in the
binomial factors.

a) x>+ 10x+24

Since all the terms are positive, consider only positive factors of 24.
The factors of 24 are: 1 and 24; 2 and 12; 3 and 8; 4 and 6
The two factors with a sum of 10 are 4 and 6.
So, x>+ 10x + 24 = (x + 4)(x + 6)
Check by expanding.
(x+4d)x+6)=x(x+6)+4(x+6)
=x(x) + x(6) + 4(x) + 4(6)
=x>+6x+4x +24
=x"+ 10x + 24
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b) m’+10m+16
Since all the terms are positive, consider only positive factors of 16.
The factors of 16 are: 1 and 16; 2 and 8; 4 and 4
The two factors with a sum of 10 are 2 and 8.
So, m* + 10m + 16 = (m + 2)(m + 8)
Check by expanding.
(m+2)(m+8)=m(m+8)+2(m+38)
= m(m) + m(8) + 2(m) + 2(8)
=m?>+8m+2m+ 16
=m’ + 10m + 16

¢) pP+13p+12
Since all the terms are positive, consider only positive factors of 12.
The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The two factors with a sum of 13 are 1 and 12.
So,p*+ 13p+12=(p+ 1)(p + 12)
Check by expanding.
@P+DE+12)=pp+12)+1(p +12)
= p(p) + p(12) + 1(p) + 1(12)
=p’+12p+1p+12
=p’+13p+12

d) s*+125+20
Since all the terms are positive, consider only positive factors of 20.
The factors of 20 are: 1 and 20; 2 and 10; 4 and 5
The two factors with a sum of 12 are 2 and 10.
So, s>+ 125 + 20 = (s + 2)(s + 10)
Check by expanding.
(s +2)(s+10)=s(s+10) + 2(s + 10)
= s(s) + s(10) + 2(s) + 2(10)
=5 +10s + 25 + 20
=5+ 125 + 20

e) n*+12n+11
Since all the terms are positive, consider only positive factors of 11.
The factors of 11 are: 1 and 11; these numbers have a sum of 12.
So, n*+ 12n+11=(n+ D)(n+11)
Check by expanding.
m+Dn+1)=nr+11)+1(n+11)
=n(n) +n(11) + 1(n) + 1(11)
=’ +1ln+1n+11
=n*+12n+11

f) W+8h+12
Since all the terms are positive, consider only positive factors of 12.
The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The two factors with a sum of 8 are 2 and 6.
So, h* + 8h+ 12 =(h + 2)(h + 6)
Check by expanding.
(h+2)h+6)=h(h+6)+2(h+6)
= h(h) + h(6) + 2(h) + 2(6)
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=h+6h+2h+12
=K +8h+12

g ¢’ +7q+6
Since all the terms are positive, consider only positive factors of 6.
The factors of 6 are: 1 and 6; 2 and 3
The two factors with a sum of 7 are 1 and 6.
So,q° +7q+6=(q+1)(g+6)
Check by expanding.
(gt 1)(gt6)=q(qg+6)+1(g+6)
=4(q) + 4(6) + 1(q)  1(6)
=q +t6g+1g+6
= q2 +7g+6

h) »°+ 115+ 18
Since all the terms are positive, consider only positive factors of 18.
The factors of 18 are: 1 and 18; 2 and 9; 3 and 6
The two factors with a sum of 11 are 2 and 9.
So, b*+ 116+ 18=(b+2)(b+9)
Check by expanding.
Bb+2)(b+9)=bb+9)+2(b+9)
= b(b) + b(9) + 2(b) +2(9)
=b>+9b+2b+ 18
=b"+11b+ 18

12. Use the distributive property to expand. Draw a rectangle and label its sides with the binomial
factors. Divide the rectangle into 4 smaller rectangles, and label each with a term in the
expansion.

a) (g-3)gt7)=glg+t7)-3(@g+7)
—g(g) +&(7) - 3(8) - 3(7)
=g’ +7g-3g-21

=g +4g-21
g 7
g|  (9)g)=g° (9)(7) =79
-3| (-3)9g) =-3¢g (=3)(7) =-21

b) (h+2)(h—T7)=h(h—T)+2(h-1T)
= h(h) + h(=7) + 2(h) + 2(-7)

=h—Th+2h— 14
=h*—5h—14
h -7
h (h)(h) = h* (h)(=7) ==7h
2 (2)(h) = 2h )(=7)=-14

o (1-H2-H=112-)-j2-))
= 112) + 11() —j(2) —j())
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=22 11— 2j+

=22-13j +/°
2 -
1M ANE)=22 (1)) =-11j
5| @ =-2 =7

d) (k-=3)k+11)=k(k+11)=3(k+11)
= k(k) + k(11) — 3(k) — 3(11)
=K+ 11k-3k-33

=K+ 8k—33
k 1
k (k)(k) = K? K)(11) =11k
-3 (=3)(k) = -3k (=3)(11) =-33

e) (12+h)(7—h)=12(7-h)+ k(7 —h)
=12(7) + 12(=h) + h(7) + h(-h)
=84 12h+Th— I

=84 —5h— K
7 -h
12| (12)(7) =84 (12)(-h) =-12h
hl @) =7h (h)(~h) = -h?

) m—9)(m+9)=mm+9)—9(m+9)
=m(m) + m(9) — 9(m) — 9(9)
=m” +9m — 9m — 81

=m’-81
m 9

m|  (m)(m)=m? (m)(9) = 9m

-9 (9)(m)=-9m (-9)(9) =-81

g) m-14)mn-4)=nn—-4)-14n-4)
=n(n) + n(-4) — 14(n) — 14(-4)
=n’—4n—14n+56

=n’—18n+ 56
n -4

n (n)(n) = n? (n)(-4) = -4n

-14| (-14)(n)=-14n | (-14)(-4) =56
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h)y (p+6)p—17)=pp—17)+6(p —17)
=pp) +p(=17) + 6(p) + 6(-17)
=p*—17p+6p—102

=p'—11p—102
P -17

p|  (P)p)=p’ (P)(=17) =-17p

6 (6)(p) = 6p (6)(-17) =102

13. a) In the second line of the solution, the product of —13 and 4 is —52; and the sum + 4r — 13r
is —9r. The correct solution is:
r=13)r+4)=r(r+4)—-13(r+4)
=1 +4r—13r—>52
= -9r—52

b) In the first line of the solution, on the right side of the equals sign, both binomial factors
should be (s — 5); and the sign between the products of a monomial and a binomial
should be negative. The correct solution is:

(s—15)(s—5)=s(s—5)—15(s—5)
=s"—5s— 155 +75
=5"—20s+75

14. For each trinomial, find two numbers whose sum is equal to the coefficient of the middle
term and whose product is equal to the constant term. These numbers are the constants in the
binomial factors.

a) b*+195-20
The factors of —20 are: 1 and —20; —1 and 20; 2 and —10; -2 and 10; 4 and —5; —4 and 5
Use mental math to calculate each sum.
The two factors with a sum of 19 are —1 and 20.
So, b* + 195 —20 = (b — 1)(b + 20)
Check by expanding.
(b—1)(b+20)=b(b+20)— 1(b+20)
= b(b) + b(20) — 1(b) — 1(20)
=b*+20b—1b-20
=b>+19h-20

b) 7+ 15¢t—54
The factors of —54 are: 1 and —54; —1 and 54; 2 and —27; -2 and 27; 3 and —18; -3 and 18;
6 and -9; -6 and 9
Use mental math to calculate each sum.
The two factors with a sum of 15 are —3 and 18.
So, A+ 15t — 54 = (t—3)(t + 18)
Check by expanding.
(t-3)+18)=t(t+ 18)—3(t+ 18)
= #(t) + 1(18) — 3(¢) — 3(18)
=+ 18t—3t—54
=7+ 15t—54
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¢) x*+12x-28
The factors of —28 are: 1 and —28; —1 and 28; 2 and —14; -2 and 14; 4 and —7; —4 and 7
Use mental math to calculate each sum.
The two factors with a sum of 12 are —2 and 14.
So, x> + 12x — 28 = (x — 2)(x + 14)
Check by expanding.
(x=2)x+14)=x(x+14)-2(x + 14)
=x(x) + x(14) — 2(x) — 2(14)
=x>+ 14x —2x - 28
=x*+ 12x - 28

d) n*—5n-24

The factors of —24 are: 1 and —24; —1 and 24; 2 and —12; -2 and 12; 3 and —8; -3 and §;

4 and —6; -4 and 6

Use mental math to calculate each sum.

The two factors with a sum of -5 are 3 and 8.

So, n* —5n—24=(n+3)(n—8)

Check by expanding.

n+3)(n-8)=n(n—-8)+3(n-23)
=n(n) + n(-8) + 3(n) + 3(-8)
=n’—8n+3n-24
=n’—5n—-24

e a*—a-20
The factors of —20 are: 1 and —20; —1 and 20; 2 and —10; -2 and 10; 4 and —5; —4 and 5
Use mental math to calculate each sum.
The two factors with a sum of —1 are 4 and 5.
So,a*—a—20=(a+4)a-5)
Check by expanding.
(a+4)(a-5=ala-5)+4a-5)
=a(a) + a(-5) + 4(a) + 4(-5)
=a*—5a+4a-20
=a*—a-20

f) ' —2y—48

The factors of —48 are: 1 and —48; —1 and 48; 2 and —24; -2 and 24; 3 and —16; -3 and 16;

4 and —12; —4 and 12; 6 and —8; —6 and 8

Use mental math to calculate each sum.

The two factors with a sum of -2 are 6 and 8.

So, )" —2y—48=(y + 6)(y — 8)

Check by expanding.

+6)y-8)=y(y—8 +6(y-8)
= () + 1(-8) + 6(») + 6(-8)
=)>—8y+6y—48
=y*—2y—48
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g) m’—15m+ 50

h)

Since the constant term is positive, the two numbers in the binomials have the same sign.
Since the coefficient of m is negative, both numbers are negative. So, list only the
negative factors of 50.
The negative factors of 50 are: —1 and —50; -2 and —25; —5 and —10
Use mental math to calculate each sum.
The two factors with a sum of —15 are —5 and —10.
So, m* — 15m + 50 = (m — 5)(m — 10)
Check by expanding.
(m—5)(m—10)=m(m —10) — 5(m — 10)
=m(m) + m(-10) — 5(m) — 5(-10)
=m’ — 10m — 5m + 50
=m’— 15m + 50

a’—12a+36
Since the constant term is positive, the two numbers in the binomials have the same sign.
Since the coefficient of a is negative, both numbers are negative. So, list only the
negative factors of 36.
The negative factors of 36 are: —1 and —36; -2 and —18; —3 and —12; —4 and —9; —6 and —6
Use mental math to calculate each sum.
The two factors with a sum of —12 are —6 and —6.
So, a* — 12a + 36 = (a — 6)(a — 6)
Check by expanding.
(a—6)a—6)=a(a—6)—6(a—6)
= a(a) + a(—6) — 6(a) — 6(—6)
=a’—6a—6a+36
=a’~12a+36

15. For each trinomial, find two numbers whose product is equal to the constant term and whose
sum is equal to the coefficient of the middle term. These numbers are the constants in the
binomial factors.

a)

12+ 13k + K
Since all the terms are positive, consider only positive factors of 12.
The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The two factors with a sum of 13 are 1 and 12.
So, 12+ 13k+i2=(1+ k)12 + k)
Check by expanding.
A+k(12+k=112+k) + k(12 + k)
= 1(12) + 1(k) + k(12) + k(k)
=12+ lk+ 12k + i
=12+ 13k+K
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b) —16—6g+g*
The factors of —16 are: 1 and —16; —1 and 16; 2 and —8; —2 and 8; 4 and 4
The two factors with a sum of —6 are 2 and 8.
So,~16 - 6g+g° = (2+g)(-8 +g)
Check by expanding.
2+g)(-8+tg)=2(8+g +g(-8+g)
= 2(-8) + 2(g) + g(-8) + g(g)
=-16+2g—8g+g"
=_16-6g+g

¢) 60+17y+y°
Since all the terms are positive, consider only positive factors of 60.
The factors of 60 are: 1 and 60; 2 and 30; 3 and 20; 4 and 15; 5 and 12; 6 and 10
The two factors with a sum of 17 are 5 and 12.
S0, 60+ 17y +1y*=(5+y)(12 +y)
Check by expanding.
(5+3)(12+y) =512 + ) + y(12+ )
=5(12) +5(y) + »(12) + ¥(y)
=60+ 5y + 12y + )7
=60+ 17y +)*

d 72-z-7

Remove —1 as a common factor to make the z*-term positive.
2 —z—=—1(-T2+z+7%
The factors of —72 are: 1 and —72; —1 and 72; 2 and —36; -2 and 36; 3 and —24; -3 and 24;
4 and —18; -4 and 18; 6 and —12; -6 and 12; 8 and —9; -8 and 9
The two factors with a sum of 1 are —8 and 9.
S0,72—z—2"=—(-8+2z)(9+2)

=8-2)9+2)
Check by expanding.
B-2)9+2)=809+2)—2z(9+2)

=8(9) + 8(z) — z(9) — z(2)

=72+8-9z—7

=72-z-7
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16. a)

b)

17. a)

b)

18. a)

i) x+Dx+2)=x(x+2)+ 1(x+2)
=x(x) +x(2) + 1(x) + 1(2)
=X+ 2x+ 1x+2
=x*+3x+2

11-12=(10+1)(10+2)
=10(10 +2)+ 1(10 + 2)
=10(10) + 10(2) + 1(10) + 1(2)
=100+20+10+2
=132

ii) x+Dx+3)=x(x+3)+1(x+3)
=x(x) +x(3) + 1(x) + 1(3)
=x*+3x+1x+3
=x*+4x+3

11-13=(10+1)(10+3)
=10(10 +3)+ 1(10 + 3)
=10(10) + 10(3) + 1(10) + 1(3)
=100+30+10+3
=143

For each pair of products, if x is substituted for 10, then the products are equal.
The coefficients in the terms of the trinomial are the same as the digits in the product of
the whole numbers.

The constant terms in the binomials have a sum of —17 and a product of 60. Their sum
should be —7 and their product should be —60. So, these constant terms should be 5 and
—12. The correct solution is:

m* —Tm —60 = (m + 5)(m —12)

The constant terms in the binomials have a sum of —12 and a product of —45. Their sum
should be —14 and their product should be 45. So, these constant terms should be —5 and
—9. The correct solution is:

wh— 14w +45=(w-5)(w-09)

The constant terms in the binomials have a sum of —9 and a product of —36. Their sum
should be 9. So, these constant terms should be —3 and 12. The correct solution is:
B*+9b—36=(b-3)b+12)

i) +DH+7)=tt+7)+4@+7)
= +7t+4t+28
=£+11¢+28

ii) (t—D)t-T)=Ht—T7)—4(t—T)
= —Tt—4t+28
=7 —11t+28

iiii) (—HDE+T) =t +7)—4¢+7)
= +Tt—4t-28
=£+3t-28
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iv) (- T)=Ht-T)+41-7)

=~ Tt+4t-28
=£-3t-28
b) i) The constant terms in the trinomials in parts i and ii above are positive because

the constant terms in the binomials have the same sign.

ii) The constant terms in the trinomials in parts iii and iv above are negative because
the constant terms in the binomials have opposite signs.

iii) The coefficient of the ¢-term in the trinomial is the sum of the constant terms in
the binomials.

19. To be able to factor each trinomial, the coefficient of the middle term must be the sum of the
factors of the constant term.
a) x’+ox+10
The factors of 10 are: 1 and 10; —1 and —10; 2 and 5; -2 and -5
The sums of the factors are: 1 +10=11;-1-10=-11;2+5=7;,-2-5=-7
So,o=11,-11,7, or -7

b) a*+0a-9
The factors of -9 are: 1 and -9; —1 and 9; 3 and -3
The sums of the factorsare: 1 —-9=-8;-1+9=8;3-3=0
So,0=-8,8,0r0

¢ ~+or+8
The factors of 8 are: 1 and 8; —1 and —8; 2 and 4; -2 and 4
The sums of the factorsare: 1 +8=9; -1 -8=-9;2+4=6;,-2-4=-6
So,0=9,-9, 6, or -6

d yV+oy-12
The factors of —12 are: 1 and —12; —1 and 12; 2 and —6; -2 and 6; 3 and —4; -3 and 4
The sums of the factorsare: 1 —12=-11;-1+12=11;2-6=-4; -2 + 6 =4;
3-4=-1;-3+4=1
So,o=-11,11,-4,4,-1,0or 1

e) W+oh+18
The factors of 18 are: 1 and 18; —1 and —18; 2 and 9; —2 and -9; 3 and 6; -3 and -6
The sums of the factors are: 1 + 18 =19; -1 -18=-19;2+9=11;,-2-9=-11;
3+6=9;,-3-6=-9
So,0=19,-19, 11,-11,9, or -9

f) p2 +op-16
The factors of —16 are: 1 and —16; —1 and 16; 2 and —8; -2 and 8; 4 and 4
The sums of the factors are: 1 —16=-15;-1+16=15;2-8=-6;-2 + 8 = 6;
4-4=0
So,0=-15,15,-6,6,0r 0
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20. To be able to factor each trinomial, the constant term must be the product of two numbers
whose sum is the coefficient of the middle term.

21.

a)

b)

d)

F+r+o

Two numbers whose sumis lare:0+1;2—-1;3-2;4—-3;5—4; and so on

The products of these numbers are: 0(1) = 0; 2(—1) =-2; 3(-2) =—6; 4(-3) =—12;
5(—4) =-20; and so on

So, there are infinitely many values of O.

Some of these values are: 0, -2, -6, —12, and —20

W —h+0o

Two numbers whose sumis—1 are:0—1;1—-2;2-3;3—-4;4—5;and so on

The products of these numbers are: 0(—1) = 0; 1(-2) =-2; 2(-3) =-6; 3(-4) =-12;
4(-5) =-20; and so on

So, there are infinitely many values of O.

Some of these values are: 0, -2, -6, —12, and —20

b +2b+0

Two numbers whose sumis2are:0+2;1+1;3—-1;4-2;5-3;and soon
The products of these numbers are: 0(2) = 0; 1(1) = 1; 3(-1) =-3; 4(-2) =-8;
5(=3) =-15; and so on

So, there are infinitely many values of 0.

Some of these values are: 0, 1, -3, -8, and —-15

Z-2z+0

Two numbers whose sumis—2 are: 0—2;-1—-1;1-3;2-4;3-5; and so on
The products of these numbers are: 0(-2) = 0; (-1)(-1) =1; 1(-3) =-3; 2(4) =-8;
3(-5)=-15; and so on

So, there are infinitely many values of 0.

Some of these values are: 0, 1, -3, -8, and —15

q2 +3¢g+0O

Two numbers whose sumis3are: 0+3;1+2;4—-1;5-2;6—3; and so on
The products of these numbers are: 0(3) = 0; 1(2) = 2; 4(-1) =—4; 5(-2) =-10;
6(-3) =-18; and so on

So, there are infinitely many values of 0.

Some of these values are: 0, 2, —4, —10, and —18

) g-3g+o

Two numbers whose sumis -3 are: 0—-3;-1-2;1-4;2—-5;3 —6; and so on

The products of these numbers are: 0(—3) = 0; (—=1)(-2) = 2; 1(-4) =—4; 2(-5) =-10;
3(—6) =—18; and so on

So, there are infinitely many values of 0.

Some of these values are: 0, 2, —4, —10, and —18

Remove common factors first.

a)

4y* — 20y — 56
The common factor is 4.
4y* — 20y — 56 = 4(y*) — 4(5y) — 4(14)
=4(y* — 5y — 14)
Find two numbers with a product of —14 and a sum of —5.
The numbers are —7 and 2.
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b)

©)

d)

e)

22, a)

Lesson 3.5

So, 4y> =20y — 56 =4(y — T)(y + 2)

—3m* — 18m — 24

The common factor is —3.

—3m* — 18m — 24 = -3(m*) + (=3)(6m) + (-3)(8)
=_3(m*+ 6m + 8)

Find two numbers with a product of 8 and a sum of 6.

The numbers are 2 and 4.

So, —3m* — 18m — 24 =-3(m + 2)(m + 4)

4x* + 4x — 48

The common factor is 4.

Ax* + 4x — 48 = 4(x%) + 4(x) — 4(12)
=4(x" +x—12)

Find two numbers with a product of —12 and a sum of 1.

The numbers are 4 and —3.
So, 4x* + 4x — 48 = 4(x + 4)(x — 3)

10x” + 80x + 120
The common factor is 10.
10x” + 80x + 120 = 10(x%) + 10(8x) + 10(12)
=10(x* + 8x + 12)
Find two numbers with a product of 12 and a sum of 8.
The numbers are 2 and 6.
So, 10x* + 80x + 120 = 10(x + 2)(x + 6)

—5n* +40n — 35

The common factor is —5.

—5n% + 401 — 35 = =5(n”) + (-5)(-8n) + (=5)(7)
=_5*—8n+7)

Find two numbers with a product of 7 and a sum of —8.

The numbers are —1 and —7.

So, —5n* + 40n —35=-5(n—1)(n—7)

7¢* —35¢ + 42
The common factor is 7.
7¢* —35¢ + 42 ="1(c*) - 7(5¢) + 1(6)
=7(c* - 5¢ + 6)
Find two numbers with a product of 6 and a sum of 5.
The numbers are —2 and —3.

So, 7¢* — 35¢ + 42 =7(c — 2)(c — 3)

To expand (» — 4)(r + 1) with algebra tiles:

Chapter 3
Factors and Products

Make a rectangle with length » — 4 and width » + 1; that is, use 1 7-tile, then 4
negative r-tiles for the length and 1 r-tile for the width. Complete the rectangle with 4

negative 1-tiles.
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b)

23. a)

b)

From the diagram, the polynomial is: 7> —4r + lr —4 =1* — 37— 4
So, (r—4)(r+1)=r-3r—4

To factor 7 + ¢ — 6 with algebra tiles:

Use 1 £-tile. Arrange positive and negative r-tiles on two sides of the #-tile, so there
is 1 more positive #-tile than negative #-tile, and the rectangle is completed with 6
negative 1-tiles.

From the diagram, the length of the rectangle is ¢ + 3, and the width is z — 2.
So, A +t—6=(t+3)t—2)

For each trinomial, find two numbers whose sum is equal to the coefficient of the middle
term and whose product is equal to the constant term. These numbers are the constants in
the binomial factors.
i) W — 10h — 24

The factors of —24 are: 1 and —24; —1 and 24; 2 and —12; -2 and 12; 3 and —-8;

-3 and 8; 4 and —6; —4 and 6

Use mental math to calculate each sum.

The two factors with a sum of —10 are 2 and —12.

So, h* — 10h —24 = (h + 2)(h — 12)

iii) I+ 10h —24
Use the factors from part i.

The two factors with a sum of 10 are —2 and 12.
So, i’ + 10h—24 = (h—2)(h+12)

iii)  A*—10h+24
The factors of 24 are: 1 and 24; —1 and —24; 2 and 12; -2 and —12; 3 and &;
—3 and -8; 4 and 6; 4 and -6
Use mental math to calculate each sum.
The two factors with a sum of —10 are —4 and —6.
So, h* — 10h + 24 = (h—4)(h — 6)

iv) B+ 10k + 24
Use the factors from part iii.
The two factors with a sum of 10 are 4 and 6.
So, h* + 10h + 24 = (h + 4)(h + 6)

In part a, there are 4 pairs of factors. The two numbers in two pairs are opposites, and the
4 sums are two opposite numbers. All these numbers must be factors of the same number.
2-12=-10 4+6=10

—4-6=-10 2+12=10

Use guess and check to find other numbers.
The factors of 6 are: 1,2, 3,6
2+3=5and6-1=5

So, four trinomials and their factors are:
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(x+2)(x+3)=x"+5x+6
(x—2)(x-3)=x"-5x+6
(x—6)x+1)=x>-5x—6
(x+6)(x—1)=x"+5x-6

The factors of 30 are: 1, 2, 3, 5, 6, 10, 15, 30
3+10=13and 15-2=13

So, four trinomials and their factors are:
(x+3)(x + 10) =x* + 13x + 30
(x—=3)(x—10)=x*—13x+ 30

(x—15)(x +2)=x"—13x - 30
(x+15)(x—2)=x"+ 13x - 30

The factors of 54 are: 1, 2,3, 6,9, 18,27, 54
6+9=15and 18-3=15

So, four trinomials and their factors are:
(x+6)(x+9)=x"+15x+ 54
(x—6)(x—9)=x>—15x+ 54

(x—18)(x +3)=x"— 15x — 54

(x+ 18)(x —3)=x"+ 15x — 54

The factors of 60 are: 1, 2, 3,4, 5, 6, 10, 12, 15, 20, 30, 60
5+12=17and20-3=17

So, four trinomials and their factors are:
(x+5)(x+12)=x>+ 17x + 60
(x=5)(x—12)=x*—17x+ 60

(x —20)(x +3)=x"—17x - 60

(x +20)(x — 3) =x"+ 17x — 60

There are many other possible trinomials.
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Lesson 3.6 Polynomials of the Form ax’ + bx + ¢ Exercises (pages 177-178)

A

5. a) There are 2 x’-tiles, 7 x-tiles, and three 1-tiles.

b)

d)

b)

So, the trinomial is: 2x* + 7x + 3
The length of the rectangle is 2x + 1 and the width is x + 3.
So, the multiplication sentence is: (2x + 1)(x + 3) =2x*+ 7x + 3

There are 3 x’-tiles, 14 x-tiles, and eight 1-tiles.

So, the trinomial is: 3x* + 14x + 8

The length of the rectangle is 3x + 2 and the width is x + 4.

So, the multiplication sentence is: (3x + 2)(x + 4) = 3x” + 14x + 8

There are 6 x’-tiles, 5 x-tiles, and one 1-tile.

So, the trinomial is: 6x* + 5x + 1

The length of the rectangle is 3x + 1 and the width is 2x + 1.

So, the multiplication sentence is: (3x + 1)(2x + 1) = 6x> + 5x + 1

There are 12 x*-tiles, 17 x-tiles, and six 1-tiles.

So, the trinomial is: 12x* + 17x + 6

The length of the rectangle is 4x + 3 and the width is 3x + 2.

So, the multiplication sentence is: (4x + 3)(3x +2) = 12x*+ 17x + 6

Make a rectangle with length 2v + 3 and width v + 2.

The tiles that form the product are: 2 V-tiles, 7 v-tiles, and six 1-tiles
So, 2v+3)(v+2)=2"+Tv+6

Make a rectangle with length 37 + 1 and width » + 4.

The tiles that form the product are: 3 r-tiles, 13 r-tiles, and four 1-tiles
So, B3r+ 1)(r+4)=3~+13r+4

Make a rectangle with length 2g + 3 and width 3g + 2.

The tiles that form the product are: 6 g*-tiles, 13 g-tiles, and six 1-tiles
So, (2g+3)3g+2)=6g"+13g+6

Lesson 3.6 E= Copyright © 2011 Pearson Canada Inc. 61



Pearson

Chapter 3

Foundations and Pre-calculus Mathematics 10 Factors and Products

d) Make a rectangle with length 4z + 3 and width 2z + 5.

The tiles that form the product are: 8 z*-tiles, 26 z-tiles, and fifteen 1-tiles
So, (4z+3)(2z+ 5) =822+ 26z + 15

e) Make a rectangle with length 37 + 4 and width 37 + 4.

The tiles that form the product are: 9 A-tiles, 24 t-tiles, and sixteen 1-tiles
So, (3t +4)(3t +4) =9 + 24t + 16

f) Make a rectangle with length 27 + 3 and width 27 + 3.

The tiles that form the product are: 4 r-tiles, 12 r-tiles, and nine 1-tiles
So, 2r+3)2r+3)=4"+12r+9

7. a) i)
iii)
iiif)

b) i)

Lesson 3.6

There are 2 x’-tiles, 5 x-tiles, and two 1-tiles.
So, the trinomial is: 2x* + 5x + 2

The length of the rectangle is 2x + 1 and the width is x + 2.
So, the factors of 2x* + 5x + 2 are: (2x + 1)(x + 2)

There are 3 x’-tiles, 11 x-tiles, and six 1-tiles.
So, the trinomial is: 3x*> + 11x + 6
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ii)

iii) The length of the rectangle is 3x + 2 and the width is x + 3.
So, the factors of 3x* + 11x + 6 are: (3x + 2)(x + 3)

c) i) There are 3 x*-tiles, 8 x-tiles, and four 1-tiles.
So, the trinomial is: 3x* + 8x + 4

iii) The length of the rectangle is 3x + 2 and the width is x + 2.
So, the factors of 3x” + 8x + 4 are: (3x + 2)(x + 2)

d) i) There are 4 x’-tiles, 9 x-tiles, and two 1-tiles.
So, the trinomial is: 4x> + 9x + 2

iii) The length of the rectangle is 4x + 1 and the width is x + 2.
So, the factors of 4x* + 9x + 2 are: (4x + 1)(x +2)

8. a) Qw+Dw+6)=2w"+ow+6
The coefficient of w in the trinomial is: (the coefficient of the 1st term in the 1st
binomial)(the constant term in the 2nd binomial) + (the constant term in the 1st
binomial)(the coefficient of the 1st term in the 2nd binomial)
That is: 2(6) + 1(1)=13
So,0=13
Then, 2w + 1)(w+ 6) =2w* + 13w+ 6

b) 2g-5)(3g-3)=6g+0+ 0O
O is: (the Ist term in the 1st binomial)(the constant term in the 2nd binomial) +
(the constant term in the 1st binomial)(the 1st term in the 2nd binomial)
That is: 2g(-3) + (-5)(3g) =—-6g — 15¢g
=2lg
O is the product of the constant terms in the binomials.
That is: (-5)(-3) =15
Then, 2g —5)(3g—3)=6g"—21g+ 15
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¢) (dv-3)(2v-7)=o+ O +21
o is the product of the 1st terms in the binomials.
That is: (—4v)(—2v) = 8&*
O is: (the 1st term in the 1st binomial)(the constant term in the 2nd binomial) +
(the constant term in the 1st binomial)(the 1st term in the 2nd binomial)
That is: (—4v)(=7) + (-3)(-2v) = 28v + 6v
=34y
Then, (—4v — 3)(-2v —7) = 8v* + 34y + 21

9. Use the distributive property, then collect and combine like terms.
a) S5+NHB+4H=53B+4)+f3+4f)
=5(3) + 5(4/) + f(3) + fi4f)
=15+ 201+ 3f+ 4f
=15+23f+4f

b) (3 —46)(5—3t)=3(5—31)— 415 — 31)
=3(5) + 3(=31) — 41(5) — 44(-3¢)
=15-97-20¢+ 12¢
=15-29¢+ 127

¢) (10— +2r=1009+2r)—r9 +2r)
=1009) + 102r) — 1(9) — r(2r)
=90+ 20r— 9r—2/*
=90+ 11r—2/°

d) (=6 +2m)(—6 + 2m) = (—6)(—6 + 2m) + 2m(~6 + 2m)
= (=6)(=6) + (—6)(2m) + 2m(=6) + 2m(2m)
=36—12m— 12m + 4m*
=36 —24m + 4m’

e) (-8—2x)(3—Tx)=(-8)(3—7x)—2x(3 — Tx)
= (=8)(3) — 8(-7x) — 2x(3) — 2x(-7x)
=24+ 56x — 6x + 14x*
=24+ 50x + 14x°

f) (6—5n)(—6+ 5n)=6(—6 + 5n) — 5n(—6 + 5n)
=-36+30n+30n —25n"
=36+ 60n — 25n*

10. Use the distributive property, then collect and combine like terms.
a) Bc+4)(S+2)=3c(5+2c)+4(5+20)
=3c(5) + 3c(2¢) + 4(5) + 4(2¢)
=15¢c+6¢* +20 + 8¢ Arrange the terms in descending order.
=6c"+ 15¢ + 8¢ + 20
=6¢"+23¢+20

b) (1-7H)3t+5) =13t+5)—-7t3t+5)
=3t+5-217-35¢ Arrange the terms in descending order.
=217 -35t+3t+5
=217 -32t+5
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¢) (4r-72-8n=(4rQ2-8r)—T7(2-8r)
= (—4r)(2) — 4r(-8r) —7(2) — 7(-8r)
=_8r+ 3217 — 14 + 56r Arrange the terms in descending order.
=32/" — 8r+ 56r— 14
=32/ +48r— 14

d) ((9-H(5t-1)=(9)(-5t—-1)—H-5t-1)
= (950 - 9(-1) — t(=50) — «(-1)
=45t+9+ 57 +1¢ Arrange the terms in descending order.
=5/ +45t+t+9
=57 +46t+9

e) (Th+10)(-3+5h)="T7h (-3 +5h)+ 10(-3 + 5h)
=Th(-3) + 7Th(5h) + 10(=3) + 10(54)
=-21h+ 35h* =30 + 50 Arrange the terms in descending order.
=35h" —21h + 50h —30
=35k + 29h — 30

) (T-6y)(6y—7)="7(6y—T7)—6y(6y—7)
=7(6y) + 7(=7) - 6y(6y) — 6y(-7)
=42y — 49 —36y” + 42y Arrange the terms in descending order.
=36y + 42y + 42y — 49
=36y + 84y — 49

11. a) i) Make a rectangle with 3 £-tiles, 4 t-tiles, and one 1-tile.

The length of the rectangle is 37 + 1 and the width is ¢ + 1.
So,37 +4t+1=0Ct+ 1)(t+1)

ii) Make a rectangle with 3 -tiles, 8 t-tiles, and four 1-tiles.

The length of the rectangle is 3¢ + 2 and the width is ¢ + 2.
So, 3£ + 8t+4=(3t+2)(t+2)

ii) Make a rectangle with 3 A-tiles, 12 t-tiles, and nine 1-tiles.

The length of the rectangle is 3¢ + 3 and the width is ¢ + 3.
So, 37 + 12t + 9= (3¢t + 3)(t + 3)

iv) Make a rectangle with 3 £-tiles, 16 -tiles, and sixteen 1-tiles.
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The length of the rectangle is 3¢ + 4 and the width is ¢ + 4.
So, 37 + 161+ 16 = (3t + 4)(t + 4)

b) In the rectangles, each side length increases by 1 each time. In the binomial factors,

¢)

the constant terms increase by 1 each time.

In the trinomials in part a:
e The coefficients of the £*~terms are 3, so these do not change.
e The coefficients of the #-terms are consecutive multiples of 4.
e The constant terms are consecutive squares.

So, the next 3 trinomials and their factors are:

374 +20t+25=03t+5)t+5)

37 +24t+36=3t+6)(t+ 6)

37 +28t+49=03t+7)t+7)

12. To factor each trinomial, use number sense and reasoning, with mental math.

a) i) 21+ 13n+6
The factors of 2r” are: 2n and n
The factors of 6 are: 1 and 6; and 2 and 3
Do not consider negative factors of 6 because there are no negative terms in the
trinomial.
Arrange the factor combinations vertically. Then form the products and add.
2n 1 2n 6 2n 2 2n 3
n 6 n 1 n 3 n 2
12n+ 1n=13n 2n+6n=8n o6n+2n=8n 4n+3n="7Tn
The first set of factors is correct because the coefficient of n is 13.
So,2n* + 13n+6=2n+ 1)(n+6)

iii) 2n* —13n+6

The factors of 6 in the binomials are numerically the same as those in part i; but
both factors are negative because the coefficient of # in the trinomial is negative,
and the constant term is positive.
So,2n* — 13n+ 6= (2n—1)(n - 6)

b) i) 2t +11ln—6

The factors of 6 in the binomials have opposite signs because the constant term in
the trinomial is negative.

Use the factors from part a, but amend the signs so they are opposites.

Stop when the sum of the n-terms is 11x.

2n 1 2n -1
n -6 n 6
~12n+1n=-11n 12n—1n=11n

So,2n* + 11ln—6=2n—1)(n+6)

iii) 2 —11n—6
The factors of 6 in the binomials have opposite signs because the constant term in
the trinomial is negative.
The factors that produce the sum of n-terms as —1 1z are shown in part i.
So,2n* — 11ln—6=2n+ 1)(n - 6)
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¢ i) 2 +7Tn+6

The factors of 6 in the binomials have the same sign because the constant term in
the trinomial is positive. Both factors are positive because the n-term in the
trinomial is positive.

The factors that produce the sum of n-terms as 7n are shown in part a, i.

So,2n* + Tn+6=2n+3)(n+2)

iii) 2n* —Tn+6
The factors of 6 in the binomials have the same sign because the constant term in
the trinomial is positive. Both factors are negative because the n-term in the
trinomial is negative.
The factors that produce the sum of n-terms as —7n are the opposites of those in
part i.
So, 2n* = Tn+ 6= (2n—3)(n—2)

All 6 trinomials have the same coefficient of n°, and either 6 or —6 as their
constant term. All 6 pairs of binomial factors have 2x as the first term in each
binomial, and a factor of 6 as the constant term in each binomial.

For each pair of trinomials, their constant terms are equal and the coefficients of
their n-terms are opposites. For each related pair of binomial factors, the constant
terms in one pair of factors are the opposites of the constant terms in the other
pair.

13. To factor each trinomial, use number sense and reasoning, with mental math.

a)

b)

27 +5y+2
The factors of 2)” are: 2y and y
The factors of 2 are: 1 and 2
The possible binomial factors are:
2y+2)y+1) The middle term is: 2y(1) + 2(y) =4y
Qv+ Dy +2) The middle term is: 2y(2) + 1(y) = 5y
The second set of factors is correct because the middle term in the trinomial is 5y.
22 +5p+2=Q2y+ 1)y +2)
Check: 2y + )y +2)=2y(y +2)+ 1(y + 2)
=27 +4y+y+2
= 2y2 +5y+2
2a° + 1la + 12
The factors of 24° are: 2a and a
The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
Do not consider negative factors of 6 because there are no negative terms in the trinomial.
Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the a-terms is 11a.

2a 1 2a 12 2a 2 2a 6

a 12 a 1 d 6 a><2
24a + la=25a 2a+ 12a=14a 12a +2a = 14a 4a + 6a=10a
2a 3

a 4

8a+3a=11la
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d)

So,2d> + 1la+12=(2a + 3)(a + 4)

Check: 2a +3)a+4)=2a(a+4)+3(a+4)
=2a*+8a+3a+12
=2a"+1la+12

2K + 13k + 15

The factors of 2k” are: 2k and k

The factors of 15 are: 1 and 15; 3 and 5

Do not consider negative factors of 15 because there are no negative terms in the
trinomial.

Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the k-terms is 134.

2k 1 2k><15 2k 3
30k+ 1k=31k 2k+ 15k=17k 10k +3k=13k

So, 2k* + 13k + 15 = 2k + 3)(k + 5)

Check: (2k + 3)(k + 5) = 2k(k + 5) + 3(k + 5)
=2k + 10k + 3k + 15
=27+ 13k + 15

2m* — 1lm + 12

The factors of 2m” are: 2m and m

The factors of 12 are: —1 and —12; -2 and —6; -3 and —4

Consider only negative factors of 12 because the constant term in the trinomial is
positive, and the m-term is negative.

Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the m-terms is —11m.

2m -1 2m -12 2m><—2

m -12 m -1 m -6

24m —1m=-25m 2m—12m=-14m —12m—-2m=-14m
2m><6 2m -3

m -2 m -4

—4m — 6m =-10m -8m—-3m=-11m

So, 2m* — 11m + 12 = 2m — 3)(m — 4)

Check: 2m —3)m—4)=2m(m —4) —3(m—4)
=2m* — 8m —3m + 12
=2m*—11m+ 12

2K — 11k +15

The factors of 2k” are: 2k and k

The factors of 15 are: —1 and —15; -3 and -5

Consider only negative factors of 15 because the constant term in the trinomial is
positive, and the k-term is negative.
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Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the k-terms is —11£.

2k —1 2k —15 2k><—3

-15 k -1 k -5
—30k—1k=-31k —2k—15k=-17k —10k—3k=—-13k
2k =5
k -3
—6k—5Sk=-11k

So, 2k* — 11k + 15 = 2k - 5)(k - 3)

Check: (2k — 5)(k — 3) = 2k(k — 3) — 5(k — 3)
= 2> — 6k — 5k + 15
=2k~ 11k+15

f) 2m*+15m+7
The factors of 2m? are: 2m and m
The factors of 7 are: 1 and 7
The possible binomial factors are:
Cm+T)(m+1) The middle term is: 2m(1) + 7(m) = 9m
Cm+ 1DH(m+17) The middle term is: 2m(7) + 1(m) = 15m
The second set of factors is correct because the middle term in the trinomial is 15m.
2m* + 15m+7=Q2m + 1)(m +7)
Check: Cm + 1)(m+7)=2m(m+7)+ 1(m +7)
=2m*+14m+m+7
=2m* + 15m +17

g) 2¢°+15g+18
The factors of 2g” are: 2g and g
The factors of 18 are: 1 and 18; 2 and 9; 3 and 6
Do not consider negative factors of 18 because there are no negative terms in the
trinomial.
Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the g-terms is 15g.

2g 1 2g 18 2§<2 2§<9

g 18 g 1 g 9 g 2
36g+ 1g=137g 2g+ 18g=20g 18g +2g=20g 4g+9g=13g
2g 3

g 6

12g+3g=15g

So,2g> + 15g + 18 = (2g + 3)(g + 6)

Check: 2g +3)(g+ 6)=2g(g+ 6)+3(g+ 6)
=2g"+ 12g+3g+ 18
=2g"+15g+ 18
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h) 2n*+9n—18
The factors of 2n* are: 2n and n
The factors of —18 are: 1 and —18; -1 and 18; 2 and —9; -2 and 9; 3 and —6; -3 and 6

Arrange the factor combinations vertically. Then form the products and add.
Stop when the sum of the n-terms is 9n.
2§< 1 2n —18 2n —1
n —-18 n 1 n 18
—36n+ 1n=-35n 2n—18n=-16n 36n—1n=35n
2n 18 2n 2 2n -9
n><—1 n -9 n><2
—2n+ 18n=16n —18n+2n=-16n 4n —9n =-5n
2n -2 2n 9 2n 3 2n -6
n>§ n -2 n -6 n><3
18n—2n=16n —4n+9n=>5n —12n+3n=-9n 6n—6n=>0
2n =3
n 6
12n—3n=9n
So,2n* +9n— 18 = (2n - 3)(n + 6)
Check: 2n—3)(n + 6)=2n(n+6)—3(n+6)
=20+ 12n—3n-18
=2n*+9n—18
14. a) i) The factors of 15 are: 1 and 15; 3 and 5
The sums of the factors are: 16 and 8
So, the two integers with a sum of 16 are 1 and 15.
ii) The factors of 24 are: 1 and 24; 2 and 12; 3 and 8; 4 and 6
The sums of the factors are: 25; 14; 11; and 10
So, the two integers with a sum of 14 are 2 and 12.
iii) The factors of 15 are: 1 and 15; 3 and 5
The sums of the factors are: 16 and 8
So, the two integers with a sum of 8 are 3 and 5.
iv) The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The sums of the factors are: 13; 8; and 7
So, the two integers with a sum of 7 are 3 and 4.
V) The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The sums of the factors are: 13; 8; and 7
So, the two integers with a sum of 13 are 1 and 12.
vi) The factors of 24 are: 1 and 24; 2 and 12; 3 and 8; 4 and 6
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The sums of the factors are: 25; 14; 11; and 10
So, the two integers with a sum of 11 are 3 and 8.

b) For each trinomial, write the middle term as the sum of two terms whose coefficients
have a product equal to the product of the coefficient of the 1st term and the constant
term. Remove common factors from the 1st two terms and from the last two terms, then
remove a binomial as a common factor.

i)

iii)

vi)

3v + 16v+5
The product is: 3(5) =15
From part a) 1), the factors of 15 with a sum of 16 are: 1 and 15
S0, 3V + 16v+5=3v"+ 1y + 15v+5
=v3v+ 1) +5@v+1)
=@Bv+1)(v+5)

3m® + 14m + 8
The product is: 3(8) =24
From part a) ii), the factors of 24 with a sum of 14 are: 2 and 12
So, 3m’ + 14m + 8 =3m" +2m + 12m + 8
=m(Bm+2)+4(B3m+2)
=Bm+2)(m+4)

30 +8b+5
The product is: 3(5) =15
From part a) iii), the factors of 15 with a sum of 8 are: 3 and 5
So, 30" +8b+5=3b"+3b+5b+5
=3b(b+1)+50b+1)
=0b+1)3b+5)

4a’+Ta+3
The product is: 4(3) =12
From part a) iv), the factors of 12 with a sum of 7 are: 3 and 4
So,4a’ +7a+3=4a’+3a +4a+3
=a(4a+3)+1(4a+3)
=(4a+3)a+1)

4d* +13d +3
The product is: 4(3) =12
From part a) v), the factors of 12 with a sum of 13 are: 1 and 12
So,4d” +13d +3=4d"+ 1d +12d + 3
=d@4d+1)+3(4d+1)
=(4d+ 1)(d+3)

47+ 11v+6
The product is: 4(6) = 24
From part a) vi), the factors of 24 with a sum of 11 are: 3 and 8
So, 4v* + 11v+ 6 =4 + 3y + 8y + 6
=v(4v+3)+2(4v+3)
=@v+3)(v+2)

15. Factor by decomposition. For each trinomial, write the middle term as the sum of two terms
whose coefficients have a product equal to the product of the coefficient of the 1st term and
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the constant term. Remove common factors from the 1st two terms and from the last two
terms, then remove a binomial as a common factor.

a)

b)

c)

d)

54>~ Ta—6
The product is: 5(-6) =30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —6; -5 and 6
The two factors with a sum of —7 are: 3 and —10
So, 5a> —Ta—6="5a’+3a—10a— 6
=a(Sa+3)—2(5a+3)
=(Ba+3)(a-2)
Check: (5a +3)a—2)=5a(a—2)+3(a-2)
=54"—10a+3a-6
=54~ Ta—6

3y —13y—10
The product is: 3(-10) =-30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5 and —6; -5 and 6
The two factors with a sum of —13 are: 2 and —15
So,3)* =13y —10=3y*+2y— 15y — 10
=y3y+2)-53y+2)
=@y +2)(y-5)
Check: By +2)(y—5)=3y(y—5)+2(y-5)
=3)" 15y +2y— 10
=3)"—13y—10

55+ 19s — 4
The product is: 5(—4) =-20
The factors of —20 are: 1 and —20; —1 and 20; 2 and —10; -2 and 10; 4 and —5; —4 and 5
The two factors with a sum of 19 are: —1 and 20
S0, 55>+ 195 — 4 =55" — 15 + 205 — 4
=s5(5s—=1)+4(5s-1)
=0Bs—1)(s+4)
Check: (55— 1)(s+4)=5s(s +4)—1(s +4)
=55 +20s—ls—4
=55+ 195 — 4

14¢* —19¢ -3
The product is: 14(-3) =42
The factors of —42 are: 1 and —42; -1 and 42; 2 and —21; -2 and 21; 3 and —14; -3 and 14;
6 and —7; -6 and 7
The two factors with a sum of —19 are: 2 and -21
So, 14¢* — 19¢ —3 = 14c* + 2¢ — 21c -3
=2¢(7c+1)-3(7c+1)
=(Tc+ 1)2c-3)
Check: (7¢ + 1)2c—3)=T7c¢(2c - 3) + 1(2¢c — 3)
=14¢* - 21c+2c-3
=14¢°—19¢ -3

84>+ 18a -5
The product is: 8(—5) =—40
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g)

h)

16. a)

The factors of —40 are: 1 and —40; —1 and 40; 2 and —20; —2 and 20; 4 and —10; —4 and 10;
8 and —5; -8 and 5
The two factors with a sum of 18 are: —2 and 20
So, 84+ 184 —5=8a>—2a +20a -5
=2a(4a-1)+5(@a-1)
=“4a-1)2a+5)
Check: (4a— 1)2a +5)=4aa+5)—1Q2a +5)
=8a°+20a—2a -5
=84"+18a—5

87 —14r+3
The product is: 8(3) =24
Consider only negative factors of 24 because the constant term in the trinomial is
positive, and the r-term is negative.
The factors of 24 are: —1 and —24; -2 and —12; -3 and —8; —4 and -6
The two factors with a sum of —14 are: —2 and —12
So, 87° — 14r+3 =87 —2r— 12r +3
=2r(4r—1)-3M@r-1)
=@r-1)2r-3)
Check: (4r—1)2r—3) =4rQ2r-3)—-12r-3)
=8 —12r—2r+3
=8 — 14r+3

6d°+d->5
The product is: 6(-5) =-30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —-6; -5 and 6
The two factors with a sum of 1 are: —5 and 6
So, 6d4* +d—5=6d"—5d+ 6d -5
=d(6d —5) + 1(6d - 5)
=(6d-5)(d+1)
Check: (6d —5)(d+1)=6d(d+1)—-5(d+ 1)
=6d"+6d—5d—5
=6d+d-5

15¢°—Te—2
The product is: 15(-2) =-30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —6; -5 and 6
The two factors with a sum of —7 are: 3 and —10
So, 15¢° —Te—2=15¢*+3e— 10e — 2
=3e(Se+1)—2(5e+1)
=(5e+1)(3e—-2)
Check: (5¢ + 1)(3¢e —2)=5e(3e —2) + 1(3e—2)
=15¢"— 10e + 3e -2
=15¢"—Te—2

6u + 17u— 14 = Qu—7)(3u + 2)

Consider how the mistake might have been made.

The incorrect signs could have been used in the binomial factors.
Check to see if the factors are: (2u + 7)(3u — 2)
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b)

Expand: Qu + 7)(3u —2) =2u(3u—2)+ 7(3u —2)
= 61’ —4u+21u — 14
= 61"+ 17u— 14
This trinomial is the same as the given trinomial.
So, the correct factorization is: 61 + 17u — 14 = 2u + 7)(3u — 2)

Alternative solution:
Expand the binomial factors.
Qu-7Bu+2)=2uBu+2)—7CBu+2)
=6u" +4u—2lu—14
=61’ — 17u— 14
Compare this trinomial with the given trinomial.
The sign of 17u should be positive.
So, to correct the error, transpose the signs in the binomial factors.
The correct factorization is:
6u” + 17u— 14 = Qu + 7)(3u —2)

3k* — k—30=(3k—3)(k+ 10)
Consider how the mistake might have been made.
The incorrect signs could have been used in the binomial factors.
Check to see if the factors are: (34 + 3)(k— 10)
Expand: (3% + 3)(k— 10) = 3k(k— 10) + 3(k — 10)
=3k* - 30k + 3k — 30
=3k~ 27k-30
This is not the correct trinomial.
The constant terms in the binomial factors could have been transposed.
Check to see if the factors are: (3k— 10)(k + 3)
Expand: (3% — 10)(k + 3) = 3k(k + 3) — 10(k + 3)
=3k + 9k — 10k 30
=3k —k-30
This is the correct trinomial.
The correct factorization is:
31F — k—30=(3k— 10)(k + 3)

Alternative solution:
Expand the binomial factors.
(Bk—3)(k+10)=3k(k+10) - 3(k+ 10)
=3k + 30k — 3k — 30
=3k + 27k - 30
Compare this trinomial with the given trinomial.
The middle term, 27k, should be —«.
Factor 3k* — k — 30 by decomposition.
The product is: 3(-30) =-90
Since the difference of the factors is —1, find factors that are close in numerical value:
—10 and 9
So, 3k — k— 30 = 3k* — 10k + 9k — 30
= k(3k—10) + 3(3k—10)
=Bk—-10)(k+3)
The correct factorization is:
31F — k—30=(3k— 10)(k + 3)
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17.

18.

¢) 4H*-21v+20=4v-4)(v+5)
Consider how the mistake might have been made.
The constant term in the trinomial is positive and the v-term is negative, so both the
constant terms in the binomials must be negative.
Check to see if the factors are: (4v —4)(v —5)
Expand: (4v—-4)(v—-5)=4v(v-5)—4(v-5)
=4y’ —20v—4v +20
=47 —24v +20
This is not the correct trinomial.
The constant terms in the binomial factors could have been transposed.
Check to see if the factors are: (4v —5)(v —4)
Expand: (4v-5)(v—4)=4v(v—-4)-5(v—4)
=4y’ —16v—5v+20
=4y~ 21y +20
This is the correct trinomial.
The correct factorization is:
M —21v+20=(4v—5)(v—4)

Alternative solution:
4 —21v+20 = (4v—4)(v +5)
Expand the binomial factors.
@Gv-4Hv+5=4(+5-4(v+5)
=4y +20v—4v—20
=4+ 16v-20
Compare this trinomial with the given trinomial.
The middle term, 16v, should be —21v and the constant term, —20, should be 20.
Factor 4v* — 21v + 20 by decomposition.
The product is: 4(20) = 80
The factors of 80 are: —1 and —80; —2 and —40; —4 and —20; -5 and —-16, —8 and —10
Consider only negative factors of 80 because the constant term in the trinomial is
positive, and the v-term is negative.
The two factors with a sum of -21 are: -5 and —-16
So, 4> —21v+20=4v" - 5v—16v+20
=v(4v-5)—4(4v-5)
=@Av-5w-4)
The correct factorization is:
4 —21v+20=(4v—5)(v—4)

In the second line of the solution, when 7 is removed as the common factor of the last 2
terms, the sign in the binomial should be negative because (—42) + 7 =—6
The correct solution is:
15¢° + 17g— 42 = 15g* — 18g + 35g — 42
=3g(5¢g—-6)+7(5¢—6)
=(5g-6)3g+7)

Remove any common factors before factoring each trinomial by decomposition. For each
trinomial, write the middle term as the sum of two terms whose coefficients have a product
equal to the product of the coefficient of the 1st term and the constant term. Remove common
factors from the 1st two terms and from the last two terms, then remove a binomial as a
common factor.

a) 2077+ 70r + 60 = 1027 + 7r + 6)
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b)

d)

Factor: 2/* + 7r + 6

The product is: 2(6) = 12

The factors of 12 are: 1 and 12; 2 and 6; 3 and 4

The factors with a sum of 7 are 3 and 4.

2P+ Tr+6=2"+3r+4r+6
=r2r+3)+2Q2r+3)
=2r+3)r+2)

So, 2077 + 70r + 60 = 10(2r + 3)(r + 2)

154 — 65a + 20 =53a" — 13a + 4)
Factor: 3a° — 13a + 4
The product is: 3(4) = 12
Consider only the negative factors of 12 because the a-term is negative and the constant
term is positive.
The negative factors of 12 are: —1 and —12; -2 and —6; -3 and —4
The factors with a sum of —13 are —1 and —12.
3¢~ 13a+4=3d"-la—12a+4
=a(3a-1)-4@a-1)
=Ba-1)a-4)
So, 154> — 65a + 20 = 5(3a — 1)(a — 4)

184% + 15h — 18 = 3(6h* + 5h — 6)
Factor: 64* + 5h — 6
The product is: 6(—6) =36
The factors of —36 are: 1 and —36; —1 and 36; 2 and —18; -2 and 18; 3 and —12; -3 and 12;
4 and -9; 4 and 9; 6 and -6
The factors with a sum of 5 are —4 and 9.
6h* + 5h—6=6h>—4h+ 9 —6
=2h(3h—2)+3(3h-2)
=3Bh-2)2h+3)
So, 184>+ 15h — 18 =3(3h —2)(2h + 3)

24u* — T2u + 54 = 6(4u* — 12u + 9)
Factor: 4u* — 12u+ 9
The product is: 4(9) =36
Consider only the negative factors of 36 because the u-term is negative and the constant
term is positive.
The negative factors of 36 are: —1 and —36; —2 and —18; —3 and —12; —4 and —9; —6 and —6
The factors with a sum of —12 are —6 and —6.
4’ —12u+9=4d — 6u—6u+9
=2uCu—3)-3Qu-3)
=Qu-3)2u-3)
So, 24u* — 72u + 54 = 6(2u — 3)(2u — 3)

12m* — 52m — 40 = 4(3m* — 13m — 10)

Factor: 3m*> — 13m — 10

The product is: 3(-10) =-30

The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —6; -5 and 6

The factors with a sum of —13 are 2 and —15.

3m* — 13m —10 = 3m* + 2m — 15m — 10
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=mQBm+2)—53m+?2)
=0Bm+2)(m-5)
So, 12m* — 52m — 40 = 4(3m + 2)(m — 5)

24g% —2g—70 =2(12g* — g - 35)
Factor: 12g* — g — 35
The product is: 12(-35) =-420
Since the coefficient of g is —1, start with factors of —420 that are close in numerical
value: 20 and —21
12¢° —g—35=12g"+20g - 21g — 35
=4g(3g+5)-73Bg+5)
=(3g+5)(4g-T7)
So, 24g* —2g—70=2(3g + 5)(4g - 7)

19. Factor by decomposition. For each trinomial, write the middle term as the sum of two terms
whose coefficients have a product equal to the product of the coefficient of the 1st term and
the constant term. Remove common factors from the 1st two terms and from the last two
terms, then remove a binomial as a common factor.

a)

b)

d)

14> — 13y +3
The product is: 14(3) = 42
Consider only the negative factors of 42 because the constant term in the trinomial is
positive, and the y-term is negative.
The negative factors of 42 are: —1 and —42; -2 and -21; —3 and —14; —6 and —7
The two factors with a sum of —13 are: -6 and —7
So, 14y* =13y +3 =14 -6y —Ty+3
= 2y(Ty-3)- 1(Ty—3)
=(Ty=3)2y-1)

10p*—17p -6
The product is: 10(—6) =—-60
The factors of —60 are: 1 and —60; —1 and 60; 2 and —30; —2 and 30; 3 and —20; —3 and 20;
4 and —15; -4 and 15; 5 and —12; -5 and 12; 6 and —10; —6 and 10
The factors with a sum of —17 are 3 and —20.
10p> —17p—6=10p> —20p +3p— 6
=10p(p-2)+3(p-2)
=(@-2)(10p +3)

10/° —33r -7
The product is: 10(=7) =-70
The factors of —70 are: 1 and —70; —1 and 70; 2 and —35; -2 and 35; 5 and —14; -5 and 14;
7 and —10; —7 and 10
The factors with a sum of —33 are 2 and —35.
10/7 —33r—7=10/" +2r—35r -7
=2r(5r+1)-7(5r+1)
=0Gr+1)2r-17)

15¢° —g—2

The product is: 15(-2) =-30

The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —6; -5 and 6

The factors with a sum of —1 are 5 and —6.
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e)

g)

h)

15¢° —g—2=15¢"+5g—6g—2
=5g(3g+1)-2(3g+1)
=(@Bgt1)(5¢g-2)

4x* +4x — 15
The product is: 4(-15) =-60
The factors of —60 are: 1 and —60; —1 and 60; 2 and —30; —2 and 30; 3 and —20; —3 and 20;
4 and —15; 4 and 15; 5 and -12; -5 and 12; 6 and —10; —6 and 10
The factors with a sum of 4 are —6 and 10.
4> +4x — 15=4x"— 6x + 10x — 15
=2x(2x—3)+502x-3)
=2x-3)2x+5)

9d* —24d + 16
The product is: 9(16) = 144
Consider only the negative factors of 144 because the constant term in the trinomial is
positive, and the d-term is negative.
The negative factors of 144 are: —1 and —144; -2 and —72; —3 and —48; —4 and —36; —6
and —24; -8 and —18; -9 and —-16; —12 and —12
The two factors with a sum of —24 are —12 and —12.
So, 94> — 24d + 16 =9d" — 12d — 12d + 16
=3d(3d-4)-4(3d—-4)
=3d-4)(3d-4)

9F + 12t + 4
The product is: 9(4) =36
Consider only the positive factors of 36 because both the constant term and the #-term in
the trinomial are positive.
The positive factors of 36 are: 1 and 36; 2 and 18; 3 and 12; 4 and 9; 6 and 6
The two factors with a sum of 12 are: 6 and 6
So, 97 + 12t + 4 = 9¢ + 6t + 6t + 4
=313t +2)+2(3t+2)
=(3t+2)3t+2)

40° +y—6
The product is: 40(—6) =240
Since the coefficient of y is 1, start with factors of —240 that are close in numerical value:
—15and 16
400> +y—6=40)"— 15y + 16y — 6
=5y(8y—3) +2(8y—3)
=@ -3)(5y+2)

24¢* +26¢— 15
The product is: 24(-15) =-360
Since the coefficient of ¢ is 26, start with factors of —360 that have a difference close to
26:-10 and 36
24¢% + 26¢ — 15 =24¢* — 10c + 36¢ — 15
=2c¢(12¢ - 5) +3(12¢ - 5)
=(12c - 5)(2c + 3)
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j) 8x*+14x—15

20. a)

b)

d)

The product is: 8(-15) =-120
Since the coefficient of x is 14, start with factors of —120 that have a difference close to
14: —6 and 20
8x* + 14x — 15 = 8x* — 6x + 20x — 15
=2x(4x —3) + 5(4x - 3)
=(4x-3)2x+5)

45+ 0s +3

The possible values of 0 are the sums of the factors of 4(3) = 12

The factors of 12 are: 1 and 12; —1 and —12; 2 and 6; —2 and —6; 3 and 4; -3 and 4
The sums of these factors are: 13; -13; 8; -8; 7; -7

So,0=13;-13;8;-8;7; -7

4h* + oh + 25

The possible values of o are the sums of the factors of 4(25) = 100

The factors of 100 are: 1 and 100; —1 and —100; 2 and 50; -2 and —50; 4 and 25;
—4 and -25; 5 and 20; -5 and —-20; 10 and 10; —10 and —-10

The sums of these factors are: 101; —101; 52; -52; 29; -29; 25; -25; 20; -20
So, 0=101;-101; 52; -52; 29; -29; 25; -25; 20; -20

6y +oy—9

The possible values of o are the sums of the factors of 6(-9) = —54

The factors of —54 are: 1 and —54; —1 and 54; 2 and —27; -2 and 27; 3 and —18; -3 and 18;
6 and -9; -6 and 9

The sums of these factors are: —53; 53; -25; 25; -15; 15;-3; 3

So, 0 =-53;53;-25;25;-15;15;-3;3

124+ ot + 10

The possible values of o are the sums of the factors of 12(10) = 120

The factors of 120 are: 1 and 120; —1 and —120; 2 and 60; —2 and —60; 3 and 40;

-3 and —40; 4 and 30; —4 and —30; 5 and 24; -5 and —24; 6 and 20; -6 and —20; 8 and 15;
—8 and —15; 10 and 12; —10 and —12

The sums of these factors are: 121; —121; 62; —62; 43; —43; 34; -34; 29; -29; 26; —26; 23;
-23;22;-22

So,0=121;-121; 62; —62; 43; —43; 34; -34; 29, -29; 26; —26; 23; -23; 22; -22

922 +oz+1

The possible values of o are the sums of the factors of 9(1) =9
The factors of 9 are: 1 and 9; —1 and —9; 3 and 3; -3 and -3
The sums of these factors are: 10; —10; 6; —6

So,0=10;-10; 6; -6

of +2f+0o

The possible values of the two O are numbers whose products have factors with a sum or
difference of 2.

Factors withasumof2are: 1 +1;3—-1;4-2;5-3;6—4; and so on

If both o have the same value; then, o =1

If both o have different values; then these values are: 3 and —1; or 4 and —2; or 5 and —-3;
or 6 and —4; and so on; there are infinite possible values.
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21. a) i)

iii)

iv)

vi)

47 —r—5
Attempt to factor by decomposition.
The product is: 4(-5) =-20
Find two factors of —20 that have a sum of —1; these factors are 4 and 5.
So, 4" —r—5=4r+4r-5r-5
=4r(r+1)-5(r+1)
=(r+1)@dr-5)

20+ 10t +3

Attempt to factor by decomposition.

The product is: 2(3) =6

There are no two factors of 6 that have a sum of 10.
So, 27 + 107+ 3 does not factor.

502 +4y -2

Attempt to factor by decomposition.

The product is: 5(-2) =-10

The factors of —10 are: 1 and —10; —1 and 10; 2 and —5; -2 and 5
There are no two factors of —10 that have a sum of 4.

So, 5y* + 4y — 2 does not factor.

2wP—5w+2
Attempt to factor by decomposition.
The product is: 2(2) =4
Find two factors of 4 that have a sum of —5; these factors are —1 and 4.
S0, 2w’ —Sw+2=2w' — lw—4w+2
=w2w-1)-2Q2w-1)
=Q2w-1Dw-2)

3n*—8h—3
Attempt to factor by decomposition.
The product is: 3(-3) =-9
Find two factors of -9 that have a sum of —8; these factors are 1 and 9.
So, 3> —8h—3=3h"+1h—9h -3
=h(Bh+1)-33Bhr+1)
=Bh+1)(h-3)

2 —f+1

Attempt to factor by decomposition.

The product is: 2(1) =2

There are no two factors of 2 that have a sum of —1.
So, 2f* — f+ 1 does not factor.

b) From part a) v), 34* — 81 — 3 can be factored because there are two numbers with a
product of -9 and a sum of —8. From part a) vi), 2* — f+ 1 cannot be factored because
there are no two numbers with a product of 2 and a sum of —1.
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22. Factor using decomposition.

a) i)

i)

vi)

3+ 11n+10
The product is: 3(10) = 30
The positive factors of 30 are: 1 and 30; 2 and 15; 3 and 10; 5 and 6
The factors of 30 with a sum of 11 are 5 and 6.
So, 3n* + 11n+ 10 =3n* + 51+ 6n + 10
=n(Bn+5)+2@Bn+5)
=@Bn+5)[m+2)

3n*—11n+ 10

The product is: 3(10) = 30

Two factors of 30 with a sum of —11 are —5 and —6.

So, 3n* = 11n+10=23n>—5n—6n + 10
=n(3n-5)-23n-15)
=0Bn-5mn-2)

3n’ +13n+ 10
The product is: 3(10) = 30
From part i, two factors of 30 with a sum of 13 are 3 and 10.
So, 3n’ + 13n +10=3n"+3n + 10n + 10
=3n(n+1)+10(n+1)
=(m+ 1)(3n+10)

3n*—13n+ 10

The product is: 3(10) = 30

Two factors of 30 with a sum of —13 are —3 and —10.

So, 3n* = 13n+10=3n"-3n—10n+ 10
=3n(n-1)-10(n—-1)
=(n-1)3n-10)

3n*+17n + 10

The product is: 3(10) = 30

From part i, two factors of 30 with a sum of 17 are 2 and 15.

So, 3n’ + 17n + 10 =3n" + 2n + 15n + 10
=n(3n+2)+50Bn+2)
=0Bn+2)n+5)

3n*—17n+ 10

The product is: 3(10) = 30

Two factors of 30 with a sum of —17 are —2 and —15.

So, 3n* = 17n+ 10 =31 —2n— 151+ 10
=n(Bn—-2)-5(Bn-2)
=Bn-2)(n-5)

b) There are 2 more trinomials that begin with 3#” and end in +10. From the list of factors of
30 in part a) i), these are the products of the binomial factors with constant terms: 1 and
30; and the negative constant terms —1 and —30
The sums of these factors are: 31 and —-31
So, the trinomials are: 3 +31n+ 10 and 3n* - 31n+ 10
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23. For all the trinomials that begin with 9m” and end with +16, find the sums of the pairs of
factors of 9(16) = 144. These sums are the coefficients of the m-terms in the trinomials.
The factors of 144 are: 1 and 144; —1 and —144; 2 and 72; -2 and —72; 3 and 48; —3 and —48;
4 and 36; —4 and —36; 6 and 24; —6 and —24; 8 and 18; -8 and —18; 9 and 16; -9 and —16;
12 and 12; —12 and —-12
The sums of these factors are: 145; —-145; 74; —74; 51; —51; 40; —40; 30; -30; 26; —26; 25;
25;24; 24
So, the trinomials are: 9m® + 145m + 16; 9m® — 145m + 16; 9m* + T4m + 16; 9m” — T4m + 16;
9m” + 51m + 16; 9m* — 51m + 16; 9m” + 40m + 16; 9m* — 40m + 16; 9m® + 30m + 16;
9m® — 30m + 16; 9m” + 26m + 16; 9m* — 26m + 16; 9m® + 25m + 16; 9m* — 25m + 16;
Om® + 24m + 16; 9m* — 24m + 16
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Checkpoint 2 Assess Your Understanding (pages 180—181)
33

1. Arrange each set of tiles to form a rectangle.
a) There are 6 x-tiles and fifteen 1-tiles.
So, the polynomial is: 6x + 15
The length of the rectangle is 2x + 5 and the width is 3; these are the factors.
So, 6x+ 15=3(2x+5)

b) There are 4 x-tiles and twelve 1-tiles.
So, the polynomial is: 4x + 12
The length of the rectangle is x + 3 and the width is 4; these are the factors.
So, 4x + 12 =4(x + 3)

iii)

Checkpoint 2

4a+ 8

Arrange 4 a-tiles and eight 1-tiles to form a rectangle.
The length of the rectangle is a + 2 and the width is 4.
So,4a+8=4(a+?2)

3c—-6

Arrange 3 c-tiles and 6 negative 1-tiles to form a rectangle.
The length of the rectangle is ¢ — 2 and the width is 3.
So,3¢c-6=3(c-2)

2V~ 5v

The greatest common factor is v.

Write each term as the product of the greatest common factor and another
monomial. Then use the distributive property to write the expression as a

product.

207 — 5y =1(-2v) — »(5)
=v(-2v-15) Remove —1 as a common factor.
=—v(2v+5)

2x° + 14x + 6

Arrange 2 x*-tiles, 14 x-tiles, and six 1-tiles in equal groups.
There are 2 equal groups.

Each group has 1 x’-tile, 7 x-tiles, and three 1-tiles.

So, 2x* + 14x + 6 = 2(x* + 7x + 3)

L
11
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V)

vi)

vii)

viii)

Checkpoint 2

~37° + 15r -3

Arrange 3 negative r-tiles, 15 r-tiles, and 3 negative 1-tiles in equal groups.

There are 3 equal groups.

Each group has 1 negative r*-tile, 5 r-tiles, and 1 negative 1-tile.

So,-3r* + 15r =3 =3(—*+5r—1) Remove —1 as a common factor.
=30 -5r+1)

nARAA®

( )
( ]
( )
[ )
( )

(]

15’ — 3a’b — 6ab’
Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product.
15°=3-5-a-a-a
3a’h=3-a-a-b
6ab>=2-3-a-b-b
The greatest common factor is: 3 - a =3a
15a° — 3a*b — 6ab” = 3a(5a°) — 3a(ab) — 3a(2b%)
=3a(5a* — ab — 2b%)

12 - 32x + 8¢
Arrange twelve 1-tiles, 32 negative x-tiles, and 8 x’-tiles in equal groups.
There are 4 equal groups.

Each group has three 1-tiles, 8 negative x-tiles, and 2 x-tiles.
So, 12 —32x + 8x* =4(3 — 8x + 2x%)

I
LT
I
(L[ [

12x%y — 8xy — 16y

Factor each term then identify the greatest common factor. Write each term as the
product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product.
12xy=2-2-3-x-x"y

8xy=2-2-2-xy

16y=2-2-2-2-y

The greatest common factoris: 2 -2 -y=4y

12x%y — 8xy — 16y = 4y(3x?) + 4p(—2x) + 4y(—4)
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=4y(3x* —2x — 4)

b) iii) For —2v* — 5v, I could have used algebra tiles to make a rectangle, but both sides
of the rectangle appear to be negative, which would suggest both factors are
negative. But, from part a) iii), the factors have opposite signs. So, the algebra
tiles show the terms in the factors, but I have to check the signs of the factors.

vi), viii) I cannot use algebra tiles when terms have more than one variable.
34

3. Tused 1 x*tile, 9 x-tiles, and twenty 1-tiles.
I made this rectangle.

This rectangle represents the multiplication sentence:
(x+4)(x +5)=x"+9x +20

4. Tused 4 x’-tiles, 9 x-tiles, and two 1-tiles.
I made this rectangle.

This rectangle represents the multiplication sentence:
(4x+ 1)(x+2)=4x>+9x +2

3.5

5. Use the distributive property to expand. Draw a rectangle and label its sides with the binomial
factors. Divide the rectangle into 4 smaller rectangles, and label each with a term in the
expansion.

a) b+hHx+4)=x(x+4)+1(x+4)
=X +4x+x+4

= x2 +5x+4
X 4
x| 0000 = (0(@4) = 4x

—_

(M) =x (N4 =4

b) (d—2)d+3)=d(d+3)—2(d+3)
=d*+3d-2d-6
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=d*+d-6
d 3
d| () =d’ (3) = 3d
2| () =-2d -2)(3)=-6

) x—dHx—-2)=x(x—2)—4(x-2)
=x*—2x—4x+38

=x*—6x+8
X -2

X 000) =X (0(2) = -2x

-4 (-4)(x) = -4x (-4)(-2)=8

d) 5-r6+r)=506+r)—r6+r)
=30+ 5r—6r -7
] =30—r—1

5 (5)(6) = 30 (5)(r) = 5r

(-r(6) = -6r N =-r?

=

e) (g+5)g-1=gg-D+5g-1)

=g —g+5g-5

=g’ +4g-5

g A
g| ()9 =7 @1 =-g
5 (5)(9) = 59 (5)(-1) =-5

f) (2-0(10-£=2(10—£—#10—1)
=20-2¢—10t+ ¢

=20-12t+7
10 —t

N

(2)(10) = 20 2)(-t) =-2t

-t| (-t)(10)=-10t (-t =t

6. For each trinomial, find two integers whose sum is equal to the coefficient of the middle term
and whose product is equal to the constant term.
a) s°+11s+30
Two numbers whose sum is 11 and whose product is 30 are 5 and 6.
So, s>+ 11s +30 = (s + 5)(s + 6)
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Check: (s + 5)(s + 6) =s(s + 6) + 5(s + 6)
=s>+ 65+ 55+ 30
=5+ 11s+30

b) n*—n-30
Two numbers whose sum is —1 and whose product is —30 are 5 and —6.
So, n* —n—30=(n+5)(n-6)
Check: (n +5)(n—6)=n(n—6) + 5(n—6)
=n’—6n+5n—-30
=n*—n—-30

¢) 20-9b+ b
Two numbers whose sum is —9 and whose product is 20 are —4 and 5.
S0, 20 — 9b + b> = (—4 + b)(-5 + b)
This can be written as (4 — b)(5 — b), or (b—4)(b-5)
Check: (b—4)(b—-5)=b(b—5)—4(b-5)
=b"—5b—4b+20
=b>—9b+20

d —11-10t+7
Rearrange the trinomial and write it as: 7 — 10z — 11
Two numbers whose sum is —10 and whose product is —11 are 1 and —11.
So, £~ 10t —11=(¢t+ 1)(t—11)
Check: (¢ + 1)(t—11)=tt—11)+ 1(t—11)
= 1t+1t-11
=£-10t-11

e) z2+13z+30
Two numbers whose sum is 13 and whose product is 30 are 3 and 10.
So,z* + 132+ 30 = (z + 3)(z + 10)
Check: (z +3)(z + 10) =z(z + 10) + 3(z + 10)
=7+ 10z + 3z + 30
=7 +132+30

f) —K+9%—18
Remove —1 as a common factor.
—k* + 9k — 18 = —(K* — 9k + 18)
Two numbers whose sum is —9 and whose product is 18 are —3 and —6.
So, —k* + 9k — 18 = —(k — 3)(k — 6)
Check: —(k — 3)(k— 6) = —[k(k— 6) — 3(k— 6)]
=—[I* — 6k — 3k + 18]
=—[I* — 9k + 18]
=} +9k—18
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7. Remove a common factor first.

a)

b)

d)

3.6

3x% + 15x — 42 = 3(x* + 5x — 14)
Two numbers whose sum is 5 and whose product is —14 are —2 and 7.
So, 3x* + 15x — 42 =3(x - 2)(x + 7)

—2)* + 22y —48 =20 — 11y + 24)
Two numbers whose sum is —11 and whose product is 24 are —3 and —8.
So, —2y* + 22y — 48 = 2(y—3)(y — 8)

24— 11lm—-m*=—24 + 11m + m)
Two numbers whose sum is 11 and whose product is 24 are 3 and 8.
So, 24 — 11m —m*=—(3 + m)(8 + m)

50 — 23y — y* =—(-50 + 23y +7)

Two numbers whose sum is 23 and whose product is —50 are —2 and 25.
So, 50 — 23y —1* =<2+ )(25 + )

This can be written as: (2 —y)(25 + )

8. Use the distributive property.

a)

b)

©)

Qc+1D)(c+3)=2c(c+3)+1(c+3)
=2 +6¢c+c+3
=2 +7c+3

(-m+5)@m-1)=(=m)(dm-1)+5@m-1)
=—4m’+m+20m -5
= Am* +21lm -5

GBf-HEf+ 1) =3/3F+1)-43f+1)
=9f +3f— 12— 4

=9 -9/ 4

d) (6z—1)2z-3)=62(2z—3)— 1(2z-3)

e)

f)

=122 -18z-2z+3
=1222-20z+3

(5—=3r)(6 +2r) =5(6 +2r) — 3r(6 + 2r)
=30+ 10r— 187 — 67
=308 — 6/

(—4 — 2h)(-2 — 4h) = —4(=2 — 4h) — 2h(-2 — 4h)
=8+ 16h+4h+ 8>
=8+ 20+ 8K
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9. Factor using decomposition.

a)

b)

d)

27 + 13+ 20
The product is: 2(20) = 40
Consider only positive factors of 40 because all the terms in the trinomial are positive.
The factors of 40 are: 1 and 40; 2 and 20; 4 and 10; 5 and 8
The factors of 40 with a sum of 13 are 5 and 8.
So, 2j* + 137+ 20 =27+ 5j + 8 + 20
=j(2j +5)+4(2j +5)
=(2j+5(3G+4)
Check: (2j+5)(G+4)=2j(Gj+4)+5(G+4)
=27+ 8 + 5/ + 20
=277+ 13j+ 20

3 +v—10
The product is: 3(-=10) =-30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; -3 and 10;
5and —-6; -5 and 6
The factors of —30 with a sum of 1 are —5 and 6.
S0,3v' +v—-10=3V" - 5v+6v—10
=v(3v-5)+23v-5)
=Bv-5Ww+2)
Check: Bv-5)(v+2)=3v(v+2)-5(v+2)
=3y> +6v—5v—10
=3 +v-10

5K —23k+12
The product is: 5(12) = 60
Consider only negative factors of 60 because the constant term in the trinomial is
positive, and the k-term is negative.
The factors of 60 are: —1 and —60; —2 and —30; —3 and —20; —4 and —15; -5 and —12;
—6 and —10
The factors of 60 with a sum of —23 are —3 and —20.
So, 5k* — 23k + 12 = 5k* — 3k — 20k + 12
= k(5k—3)—-4(5k-3)
=(5k-3)k-4)
Check: (5k—3)(k—4)=5k(k—4)-3(k—4)
= 5k° — 20k — 3k + 12
=5k —23k+ 12

Oh* + 18h + 8
The product is: 9(8) =72
Consider only positive factors of 72 because all the terms in the trinomial are positive.
The factors of 72 are: 1 and 72; 2 and 36; 3 and 24; 4 and 18; 6 and 12; 8 and 9
The factors of 72 with a sum of 18 are 6 and 12.
So, 9h° + 18h + 8 =9h* + 6h + 12h + 8
=3h(3h+2)+43h +2)
=Bh+2)3h+4)
Check: (32 +2)(3h+4)=3h(3h +4)+2(3h +4)
=9h*+ 12h + 6h + 8
=9h* +18h +8
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e) 8§ —-2y—1

The product is: 8(—1) =—8
The factors of —8 are: 1 and —8; —1 and 8; 2 and —4; -2 and 4
The factors of —8 with a sum of —2 are 2 and —4.
So, 82 —2y—1=8 +2y—4y—1
=2y(4y+1)—-1(4y+1)
=@+ D2y-1)
Check: (dy+ D2y —-1)=4Q2y-1)+12y-1)
=87 —4y+2y—1
=8y —2y—1

f) 6—23u+20u
The product is: 6(20) = 120
Consider only negative factors of 120 because the constant term in the trinomial is
positive, and the u-term is negative.
The negative factors of 120 are: —1 and —120; -2 and —60; —3 and —40; —4 and —30;
-5 and —24; —6 and —20; —8 and —15; —10 and —12
The factors of 120 with a sum of —23 are —8 and —15.
S0, 6 —23u + 20t = 6 — 8u — 15u + 20u’
=23 —4u) — 5u(3 — 4u)
=3 —4u)(2 - 5u)
Check: (3 —4u)(2 — 5u) = 3(2 — Su) — 4u(2 — Su)
=6 — 15u — 8u + 200’
=6—23u + 201
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Lesson 3.7 Multiplying Polynomials Exercises (pages 186—187)

A

4. a) (g+1)(g” +2g+3)

b)

Use the distributive property. Multiply each term in the trinomial by each term in the
binomial. Write the terms in a list.

(g + 1)(g2 +2g + 3)

=g(g2 +2g+3)+1(g2 +2g+3)

=g(g’) + g(2g) + g(3) +1(g’) +1(2¢) +1(3)

=g’ +2¢° +3g+g> +2g+3 Collect like terms.
=g’ +2g°+g" +3g+2g+3 Combine like terms.
=g +3g° +5g+3

(2+t+t2)(1+3t+t2)

Use the distributive property. Multiply each term in the 1st trinomial by each term in the
2nd trinomial. Write the terms in a list.

(2+t+t2)(1+3t+t2)
=2(1+3t+t2)+t(1+3t+12)+t2(1+3t+t2)

=2(1) + 2(3t) + 2(£2) + £(1) + £(3t) + £ (£) + 2 (1) + 22 (3t) + ()
=246t +20 +t 430+ + 1 +36 + 1 Collect like terms.

=246t +1 420 +3°+2+ £ +38° + ¢ Combine like terms.

=24+7t+6t°+48 + ¢!

(2w + ?))(w2 + 4w + 7)

Use the distributive property. Multiply each term in the trinomial by each term in the
binomial. Write the terms in a list.

(2w + ?))(w2 + 4w+ 7)

= 2W(w2 + 4w+ 7) + ?)(w2 + 4w+ 7)

= 2w(w”) + 2w(4w) + 2w(7) + 3(w? ) + 3(4w) + 3(7)

=2w + 8w’ + 14w + 3w + 12w + 21 Collect like terms.

=2w' +8w? + 3w + 14w+ 12w+ 21 Combine like terms.

=2w’ +11w* + 26w + 21
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d) (4+3n+n2)(3+5n+n2)

Use the distributive property. Multiply each term in the 1st trinomial by each term in the
2nd trinomial. Write the terms in a list.

(4+3n+n2)(3+5n+n2)
=4(3+5n+n2)+3n(3+5n+n2)+n2(3+5n+n2)

=4(3)+4(57) + 4(n2) +3n(3) + 3n(5n) + 3n(n2) +n*(3)+n*(5n) + nz(nz)
=12+ 20n + 4n*> + 9n + 150> + 30’ +3n> + 5n° + n*  Collect like terms.

=12+20n +9n + 4n* + 150> + 3n* + 3n° + 5n° + n*  Combine like terms.
=12+ 29 + 22n* + 8 + n*

5. a) (22 + y)(3z + y)
Use the distributive property. Multiply each term in the 1st binomial by each term in the
2nd binomial. Write the terms in a list.

(22 + y)(3z + y)

= 2Z(3Z + y) + y(3z + y)

= 22(32) + 2z(y) + y(3z) + y(y)

=6z" +2yz +3yz + )’ Combine like terms.
=62 +5yz + )’

b) (41 -3g)(3f —4g+1)
Use the distributive property. Multiply each term in the trinomial by each term in the
binomial. Write the terms in a list.

(4f—3g)(3f—4g+1)

=4f(3f -4g+1)-3g(3f —4g+1)
=4f(3f)+4f(-4g)+4/(1)-3g(3/)-3g(-4g)-3g(1)
=12f* -16fg +4f - 9fz +12g° - 3g Collect like terms.
=12f* +4f-16fg -9fz —3g +12g° Combine like terms.
=12f° +4f-25fg —3g +12¢g°

c) (2a + 3b)(4a + Sb)

Use the distributive property. Multiply each term in the 1st binomial by each term in the
2nd binomial. Write the terms in a list.

(2a + 3b)(4a + Sb)

=2a(4a + 5b) + 3b(4a + 5b)

=2a(4a) + 2a(5b) + 3b(4a) + 3b(5b)

=8a” +10ab + 12ab + 15b° Combine like terms.
=8a’ + 22ab + 15b°
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d) (3a —4b + 1)(4a — Sb)

e)
f)
B
6. a)

Use the distributive property. Multiply each term in the binomial by each term in the
trinomial. Write the terms in a list.

(3a —4b + 1)(4a - Sb)

= 3a(4a - Sb) - 4b(4a - Sb) + 1(4a - Sb)

= 3a(4a) + 3a(—5b) - 4b(4a) - 4b(—5b) + 1(4a) + 1(—5b)

=124’ —15ab — 16ab + 20b* + 4a — 5b Collect like terms.
=124’ + 4a —15ab — 16ab — 5b + 20b’ Combine like terms.
=12a” + 4a — 3lab — 5b + 20b’

(2r + s)2 = (2r + s)(Zr + s)

Use the distributive property. Multiply each term in the 1st binomial by each term in the
2nd binomial. Write the terms in a list.

(2r + s)(2r + s)

= 2r(2r + s) + s(2r + s)

= 2r(2r) + 2r(s) + s(2r) + s(s)

=417 +2rs +2rs + 5° Combine like terms.

=41 + drs + 57

(3t — 2u)’ = (3¢ — 2u) (3¢ — 2u)
Use the distributive property. Multiply each term in the 1st binomial by each term in the
2nd binomial. Write the terms in a list.

(3t — 2u)(31 — 2u)

= 3t(3t - 2u) - 2u(3t - 2u)

=3¢(3¢t) + 3t (—2u) — 2u(3t) — 2u(-2u)

= 9" — 6tu — 6tu + 4u’ Combine like terms.

=9¢* — 12tu + du’

i) (2x + y)(2x + y)
= 2x(2x + y) + y(2x + y)
= 2x(2x) + 2x(y) + y(2x) + y(y)
=4x’ +2xy + 2xy + )° Combine like terms.

=4x’ +4xy + )’
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ii) (57 + 2s5)(5r + 2s)
= 5r(5r + 2S) + 2s(5r + 2s)
= 5r(5r) + 5r(2s) + 2s(5r) + 2s(2s)

=251 + 10rs + 10rs + 4s° Combine like terms.

=25r% + 20rs + 4s°

iii) (6¢ + 5d)(6¢ + 5d)
= 6c(6c + Sd) + 5d(6c + Sd)
= 6c(6c) + 6c(5d) + 5d(6c) + 5d(5d)

=36¢* + 30cd + 30cd + 25d* Combine like terms.

=36¢* + 60cd + 25d*

iv) (5v + 7w)(5v + 7w)
= SV(SV + 7w) + 7w(5v + 7w)
= 5v(5v) + 5v(7w) + 7w(5v) + 7w(7w)

=25v* + 35vw + 35vw + 49w’ Combine like terms.

=25v* + 70vw + 49w?

V) (2x - y)(2x - y)
= 2x(2x - y) - y(2x - y)
= 2x(2x) + 2x(—y) - y(2x) - y(—y)
=4x* = 2xy — 2xy + )’ Combine like terms.

=4x’ - 4xy + )’

vi) (Sr - 25)(5r — 2s)
= 5r(5r - 23) - 2s(5r - 2s)
= Sr(Sr) + 5r(—2s) — 2s(5r) - 2S(—2S)

=25r2 = 10rs — 10rs + 4s° Combine like terms.

=251 = 20rs + 4s*

vii) (6¢ —5d)(6¢ —5d)
= 6c(6c - Sd) - 5d(6c — Sd)
= 6c(6c) + 6c(—5d) - 5d(6c) - 5d(—5d)

=36¢* - 30cd — 30cd + 25d* Combine like terms.

=36¢" — 60cd + 25d°
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viii) (5v — 7w)(5v — 7w)
= 5v(5v - 7w) - 7w(5v - 7w)
= 5v(5v) + 5v(—7w) - 7w(5v) - 7w(—7w)
=25V = 35vw — 35vw + 49w’ Combine like terms.

=25v* = 70vw + 49w’

b) The factors being multiplied are the same, so each time a binomial is being squared.
The first term in the trinomial is the square of the first term in the binomial.
The second term in the trinomial is twice the product of the terms in the binomial.
The third term in the trinomial is the square of the second term in the binomial.

i) (p + 3q)(p + 3q)
=p(p)+2(p)(39) +34(39)
= p2 + 6pg + 9q2

ii) (25 — 71)(2s - 7¢)
=2s(2s) + 2(2s)(=7¢) + (=7¢)(-71)
= 4s% — 28st + 49¢°

i) (5g + 4h)(5g + 4h)
= 5g(5g) + 2(5g)(4h) + 4h(4h)
=25g° + 40gh + 16h°

iv) (10h — 7k)(10h — 7k)
=10h(10h) + 2(10h)(=7k) + (-7k)(-7k)
=1004* — 140hk + 49k*

7. a) i) (x + 2y)(x - 2y)
= x(x - Zy) + 2y(x - 2y)
= x(x) + x(—2y) + 2y(x) + 2y(—2y)
=x> = 2xy +2xy —4)° Combine like terms.

2

=x" -4y

2
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ii) (3r —4s)(3r + 4s)
= 3r(3r + 4s) - 4s(3r + 4S)
=3r(3r) + 3r(4s) — 4s(3r) — 4s(4s)
=9r% +12rs — 12rs — 16s° Combine like terms.
=9r* —16s’

iii) (5¢ + 3d)(5¢ - 3d)
= 5c(5c — 3d) + 3d(SC — 3d)
= 5c(5c) + 50(—3d) + 3d(50) + 3d(—3d)
=25¢* —15¢cd +15¢d — 9d* Combine like terms.
=25¢" - 9d*

iv) (2v - 7w)(2v + 7w)
= 2v(2v + 7w) — 7w(2v + 7w)
= 2v(2v) + 2v(7w) - 7w(2v) - 7w(7w)
=4 + 14vw — 14vw — 49%° Combine like terms.
=4’ — 49w’

b) The factors in each pair are the same except the second terms have opposite signs.
The product is the square of the first term in the binomial minus the square of the second
term in the binomial.

i) (11g +5h)(11g — 5h)
=11g(11g) - 5h(5h)
=121g° - 25K’

ii) (25m — 7n)(25m + Tn)
= 25m(25m) - 7n(7n)
= 625m* — 491’

8. a) (3y-2)(y’+y-8)
=3y(y2+y—8)—2(y2+y—8)
=3y(»7) +3y(») + 3v(-8) - 2(»*) - 2(») - 2(-8)
=3y +3y" =24y —2y° - 2y +16 Collect like terms.
=3y +3y* =2y’ =24y - 2y +16 Combine like terms.
=3y’ +)* - 26y +16

Lesson 3.7 E= Copyright © 2011 Pearson Canada Inc. 96



Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
) (are1)(r-2r-3)
=4r(r’=2r =3)+1(r’ - 2r - 3)
= 4r(r? )+ 4r(=2r) + 4r(=3) + 1(#7 ) + 1(=2r) + 1(-3)
=4r —8r° —12r +r* = 2r -3 Collect like terms.
=4r —8r* +r* —12r — 2r -3 Combine like terms.

=47 —Tr* —14r -3

) (b*+9b-2)(26-1)
=b’(26-1)+9b(2b—1) - 2(2b - 1)
=b*(2b) + b* (—1) + 9b(2b) + 9b(-1) — 2(2b) — 2(-1)
=2b" —b> +18h> —9b — 4b + 2 Combine like terms.
=2b° + 170 —=13b + 2

d) (¥*+6x+1)3x-7)
=x’ (3x - 7) + 6x(3x - 7) + 1(3x - 7)
=x’ (3x) +x° (—7) + 6x(3x) + 6x(—7) + 1(3x) + 1(—7)
=3x" —7x* +18x" —42x +3x -7 Combine like terms.
=3x" +11x* =39x - 7

o
/—\

)(x+y+3)

= (x+y+3)+y(x+y+3)

=x(x) +x(y) + x(3) + y(x) + »(») + ¥(3)
=x’+xy+3x+xy+ 3y +3y Collect like terms.
=x" +3x+xy+xy+3y+)° Combine like terms.
=X +3x+2xy+ 3y +y°

( )(x+y+l)

=x(x+y+1)+2(x+y+1)

=x(x)+x(y) + x(1) + 2(x) + 2(») + 2(1)

=X’ Xy +x+2x+2y+2 Collect like terms.
=x" +2x+x+xp+2y+2 Combine like terms.

=X +3x+xy+2y+2
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d)

10. a)

b)

( )(a+b+c)

=a(la+b+c)+b(a+b+c)

= a(a) + a(b) + a(c) + b(a) + b(b) + b(c)

=a’ +ab+ac+ ab + b* + bc Collect like terms.

=a* +ab +ab + b*+ ac + bc Combine like terms.

=a’ +2ab + b* + ac + bc

(B+1)(2+1+5)
=3(2+1+s)+1(2+1+5)

=3(2)+3(¢) +3(s) +2(2) + t(¢) + ¢(s)

=6+3t+3s+2t+1>+st Collect like terms.

=35 +st+3+2t+1°+6 Combine like terms.

=35 +st+5t+1+6

(x + 2y)(x -2y — 1)

:x(x—2y—1)+2y(x—2y—1)

= x(x) + x(—2y) + x(—l) + 2y(x) + 2y(—2y) + 2y(—1)
=x" —2xy—x+2xy—4y° -2y Collect like terms.

=x> —x—2y—2xy +2xy — 4y’ Combine like terms.

=x' —x-2y -4y

(20—3d)(c+d +1)

=2c(c+d+1)-3d(c+d +1)

= 20(0) + ZC(d) + 20(1) - 3d(c) - 3d(d) - 3d(1)

=2c* + 2¢d + 2¢ —3cd —3d* —3d Collect like terms.

=2¢* +2¢ + 2¢d — 3ed — 3d — 3d* Combine like terms.

=2¢* + 2¢ — ed — 3d - 3d*

(a—5b)(a+2b-4)
=a(a+2b—-4)-5b(a+2b—4)
( )+ a(2b) + a(-4) - 5b(a) — 5b(2b) — 5b(-4)
a’ + 2ab — 4a — Sab — 10b> + 20b  Collect like terms.

a’ —4a - 3ab + 20b — 100’
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d) (p —2q)(p+4q—r)
=p(p+4g-r)-2¢(p+4q-7)
= p(p)+ p(49) + p(-r) - 24(p) - 24(49) - 24(-r)
=p> +4pqg— pr—2pq —8q° +2qr  Collect like terms.
=p* +4pg —2pq —8q* — pr +2qr  Combine like terms.
=p° +2pq —8q° — pr+2qr

11. There are 2 errors in the third line of the solution:
- the product of 2r and —5s should be —10rs, not —5rs.
- the product of —3s and —5s should be +15s%, not —15s°.
There is an error in the fourth line of the solution:
- —15s* and —18s were added to get —33s”. These two terms cannot be added because they are
not like terms.
A correct solution is:

(2r - 3s)(r — 55 + 6)

=2r(r—5s+6)—3s(r—5s+6)

= 2r(r) + 2r(—5s) + 2r(6) — 3s(r) - 3s(—5s) - 3s(6)
=2r" —10rs + 12r — 3rs + 155> —18s  Collect like terms.
=2r* —10rs — 3rs + 127 + 155> —18s  Combine like terms.
=2r" —13rs +12r + 155 — 185

12. The formula for the volume of a right rectangular prism is:
V' = Ah, where A represents the area of the base and / represents the height.

Substitute: 4 = x* + 3x + 2 and & = x + 7 into the formula, then simplify.
V = Ah

= (x2 +3x + 2)(x + 7)

=x2(x+7)+3x(x+7)+2(x+7)

=x’ (x) +x° (7) + 3x(x) + 3x(7) + Z(x) + 2(7)

=x +7x" +3x* +21x + 2x + 14 Combine like terms.

=x +10x* + 23x + 14

An expression for the volume of the prism is: x* +10x* + 23x + 14

13.2) (7 +3r+2)(47 +7+1)
=r2(4r2 +r+1)+3r(4r2 +r+1)+2(4r2 +r+1)
=7’ (4r2) +7’ (r) +7° (1) + 3r(4r2) + 3r(r) + 3r(1) + 2(4r2) + 2(r) + 2(1)
=4 + P+ 127 43 43 r + 8 +2r 4+ 2 Collect like terms.

=4+ P 12 P+ 3+ 8 +3r+ 2r+ 2 Combine like terms.

=4r* +13° +12r°+ 5r + 2
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To check, substitute » = 2 into the trinomial product and its simplification.

(7 +3r+2) (4 +r+1) =4 +137° +1217 + 57 +2

Leftside: (12 +3r +2)(47 + r+1) =[ (2)" +3(2) + 2 ][ 4(2) + 2 +1]
=(4+6+2)(16 +3)
= (12)(19)
=228

Right side: 4r* +13r* + 1272+ 5r+2=4(2)" +13(2)’ +12(2)° +5(2) + 2

=64+104+48+10+2

=228
Since the left side equals the right side, the product is likely correct.

b) (2d° +2d +1)(d* +6d +3)
=2d°(d” +6d +3) +2d(d* + 6d +3) +1(d” + 6d +3)
=2d° (d*) + 2d*(6d ) + 2d* (3) + 2d(d* ) + 2d (6d) + 2d (3) + 1(d* ) + 1(6d) +1(3)
=2d* +12d° + 6d* + 2d° +12d* + 6d + d* + 6d +3 Collect like terms.

=2d* +12d* + 2d° + 6d* + 12d* + d* + 6d + 6d + 3 Combine like terms.
=2d* +14d> +19d*+ 12d + 3

To check, substitute d = 2 into the trinomial product and its simplification.
(24> +2d +1)(d* + 6d +3) =2d* + 14d’ +19d” + 12d + 3

Leftside: (24° +2d +1)(d” + 64 +3) = 2(2)" +2(2) +1]| (2)" +6(2) + 3
=(8+4+1)(4+12+3)

=(13)(19)
=247
Right side: 2d* +14d® +194%+ 12d +3=2(2)" +14(2)’ +19(2)" +12(2) +3
=32+112+76+24+3
=247
Since the left side equals the right side, the product is likely correct.

) (4c” —2c-3)(-c” + 6c +2)
=4c7(=¢® + 6¢ +2) = 2¢(—c” + 6c +2) = 3(=c” + 6¢ + 2)
=4c7 (=c*) + 4> (6¢) + 4¢* (2) = 2¢(—c*) = 2¢(6¢) — 2¢(2) = 3(~c* ) = 3(6¢c) - 3(2)
=—4c* + 24 +8c* +2¢° —12¢* —4c +3¢* —18¢ -6 Collect like terms.

=—4c* +240° + 26 +8c2 =126 +3¢* —4¢c—18¢ -6 Combine like terms.
=—4¢* +26¢° —c*— 22¢-6
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To check, substitute ¢ =2 into the trinomial product and its simplification.

(4c* —2¢=3)(=c* + 6c+2) =—4c* +26¢' — - 22¢ -6

Left side: (4¢” - 2¢ = 3)(=¢* + 6c +2) =| 4(2) = 2(2) - 3][~(2)" + 6(2) + 2]
=(16-4-3)(-4+12+2)
=(9)(10)
=90

Right side: —4¢* +26¢* — ¢* - 22¢ - 6= —4(2)" +26(2)’ - (2)" —22(2) - 6
=—64+208—4—44—6
=90

Since the left side equals the right side, the product is likely correct.

d)
(—4112 -n+ 3)(—2n2 + 5n - 1)
=—4n’ (—2n2 + 5n — 1) - n(—Zn2 + 5n — 1) + 3(—2n2 + 5n — 1)
=—4n’ (—2n2) —4n’ (Sn) —4n’ (—1) - n(—2n2) - n(Sn) - n(—l) + 3(—2n2) + 3(5n) + 3(—1)
=8n* =201’ +4n* +2n° — 50> + n—6n> +15n -3 Collect like terms.
=8n" —20n’ + 21’ +4n’> =50 —6n° + n+15n -3 Combine like terms.

=8n* —18n° = 7Tn*+ 16n -3

To check, substitute » = 2 into the trinomial product and its simplification.

(—4n* = n+3)(-2n" + 5n—1)=8n" —18n" — Tn’+ 16n -3

Left side: (~4n” —n +3)(=2n" + 5n —1) = -4(2) =2+ 3| -2(2)" +5(2) -1]
=(-16 +1)(-8 +10-1)
= (-15)(1)
=-15

Right side: 8n* —18n° — 7n* + 16n -3 =8(2)" —18(2) - 7(2)" +16(2) -3

=128 —144-28+32-3

=-15
Since the left side equals the right side, the product is likely correct.

14. There are 3 errors in the second line of the solution:
- the product of 4g and —g should be —4g* not +4g".
- the product of 4g and 4 should be 16g, not 8g.
- the product of -2 and 4 should be —8§, not +8.
There is an error in the third line of the solution:
- the sum of -3¢’ and —4g” should be —7¢°, not 5g°.
- the sum of 12g°, 4¢°, and 2g” should be 18g”, not 6g°.
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A correct solution is:

(3g2 +4g — 2)(—g2 -g+ 4)

=3g2(—g2 —g+4)+4g(—g2 —g+4)—2(—g2 —g+4)

=3g’ (—gz) +3g’ (—g) +3g’ (4) + 4g(—g2) + 4g(—g) + 4g(4) - 2(—g2) - 2(—g) - 2(4)
=-3g"-3g’ +12g°> —4g’ —4g° +16g +2g° +2g -8 Collect like terms.

=-3g"-7g" +10g°+ 18g - 8

4

—3g° —4g’ +12g° —4g* +2g” +16g +2g -8 Combine like terms.

15.a) (3s+5)(2s+2)+(3s+7)(s +6)
=35(25 +2)+5(25 +2) +3s(s +6) + 7(s + 6)
= 3s(2s) + 3s(2) + 5(2s) + 5(2) + 3s(s) + 3s(6) + 7(s) + 7(6)
=65 + 65 +10s + 10+ 35 +18s + 7s + 42 Collect like terms.
=65" +35" +65+10s +18s + 75 + 10 + 42 Combine like terms.
=9s” + 41s + 52

b) (2x+ 3)(5x + 4) + (x - 4)(3x - 7)
= 2x(5x + 4) + 3(5x + 4) + x(3x - 7) — 4(3x - 7)
= 2x(5x) + 2x(4) + 3(5x) + 3(4) + x(3x) + x(—7) - 4(3x) - 4(—7)
=10x” + 8x + 15x + 12 + 3x* — 7x — 12x + 28 Collect like terms.
=10x” +3x* + 8x + 15x — 7x —12x + 12 + 28 Combine like terms.
=13x + 4x + 40

©)

(3m + 4)(m - 4n) + (Sm - 2)(3m - 6n)

= 3m(m — 4n) + 4(m - 4n) + 5m(3m - 6n) - 2(3m - 6n)

= 3m(m) + 3m(—4n) + 4(m) + 4(—4n) + 5m(3m) + 5m(—6n) - 2(3m) - 2(—6n)
=3m* — 12mn + 4m — 16n + 15m> — 30mn — 6m + 12n Collect like terms.
=3m’ + 15m° + 4m — 6m — 12mn — 30mn — 16n + 12n Combine like terms.
=18m> — 2m — 42mn — 4n
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d)

e)

f)

16. a)

b)

(4y =5)(3y+2)—-(3y +2)(4y -5)
= 4y(3y + 2) - 5(3y + 2) — 3y(4y — 5) - 2(4y - 5)
=4y(3y)+4y(2)-5(3y) - 5(2) - 3y(4y) - 3y(-5) — 2(4y) — 2(-5)

=12y" +8y —15y =10 —12y* +15y =8y + 10 Collect like terms.
=12y* —12y° +8y — 15y +15y =8y =10 + 10 Combine like terms.
=0

(3x —2) = (2x + 6)(3x - 1)

=(3x-2)(3x-2)-(2x+6)(3x 1)

=3x(3x -2)-2(3x - 2) - 2x(3x - 1) - 6(3x - 1)

=3x(3x) + 3x(-2) - 2(3x) - 2(-2) - 2x(3x) — 2x(-1) - 6(3x) — 6(-1)

=9y —6x—6x+4—-6x>+2x—18x+6 Collect like terms.
=9x?— 6x*— 6x —6x+2x—18x+4+6 Combine like terms.
=3x"— 28x+ 10

(2a +1)(4a -3) - (a -2)’
=(2a+1)(4a-3)—(a—-2)(a-2)
= 2a(4a - 3) + 1(4a - 3) - a(a - 2) - (—2)(a —2)

= 2a(4a) + 2a(-3) + 4a -3 — a(a) — a(~2) - (-2)(a ) - (~2)(-2)

=8a>-6a+4a-3—-a’+2a+2a-4 Collect like terms.
=8d*-a*—-6a+4a+2a+2a-3-4 Combine like terms.
=7a*+ 2a -7

The cardboard has length 20 cm.

A length of x cm is cut from each of its ends.

So, a polynomial that represents the length of the box in centimetres is:
20 —x—x, or 20 — 2x

The cardboard has width 10 cm.

A length of x cm is cut from each of its ends.

So, a polynomial that represents the width of the box in centimetres is:
10 —x—x,or 10 —2x
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¢) The base of the box is a rectangle.

d)

17. a)

The formula for the area of a rectangle is: 4 = Iw, where [ is the length of the rectangle
and w is its width.

Use the formula 4 = w. Substitute: / =20 —2x and w = 10 — 2x

A polynomial that represents the area of the base of the box is:

A=(20-2x)(10 - 2x)
Expand and simplify.
A4 =(20-2x)(10 - 2x)
=20(10 - 2x) — 2x(10 - 2x)
=20(10) + 20(-2x) — 2x(10) — 2x(—2x)
=200 — 40x — 20x + 4x° Combine like terms.
=200 — 60x + 4x° Arrange in descending order.
=4x* - 60x + 200

So, the area of the base of the box in square centimetres is: 4x° — 60x + 200

The formula for the volume of a rectangular prism is: V' = 4h, where A is the area of the
base and # is its height.
Each side that is folded up has height x.

Use the formula ¥ = Ah. Substitute: 4 = 4x* — 60x + 200 and / = x
A polynomial that represents the volume of the box is:

v =(4x" - 60x +200)x

Expand and simplify.

V = (4x* - 60x +200)x

=4x° (x) - 60x(x) + 200(x)
=4x* — 60x* + 200x

So, the volume of the box in cubic centimetres is: 4x° — 60x> + 200x

The area of the shaded region is:

area of large rectangle — area of small rectangle

The formula for the area of a rectangle is: 4 = /w, where / is the length of the rectangle
and w is its width.

Area of large rectangle:
Use the formula 4 = /w. Substitute: / =5x + 8§ and w = 6x + 2

A, =(5x+8)(6x+2)

Area of small rectangle:
Use the formula 4 = /w. Substitute: /=x+ 5 and w = 3x

Ag = (x+5)(3x)
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So, area of the shaded region is:
A= A4, — 4

= (Sx + 8)(6x + 2) - (x + 5)(3x)

= 5x(6x + 2) + 8(6x + 2) - x(3x) - 5(3x)

=5x(6x) + 5x(2) + 8(6x) +8(2) — 3x* —15x

=30x" +10x + 48x + 16 — 3x* —15x  Collect like terms.
=30x" —3x” +10x + 48x —15x +16  Combine like terms.

=27x* + 43x + 16

A polynomial that represents the area of the shaded region is:
27x" + 43x + 16

b) The area of the shaded region is:
area of large rectangle — area of small rectangle

The formula for the area of a rectangle is: 4 = /w, where [ is the length of the rectangle
and w is its width.

Area of large rectangle:
Use the formula 4 = /w. Substitute: /=2x -2 andw =x+1
A4, =(2x - 2)(x + 1)

Area of small rectangle:
Use the formula 4 = /w. Substitute: /=xand w =x—-2
Ag =x(x-2)

So, area of the shaded region is:

A= 4, — A
=(2x - 2)(x + 1) — x(x - 2)
=2x(x+1) - 2(x +1) - x(x) - x(-2)
= 2x(x) + 2x(1) - 2(x) - 2(1) —x + 2x

=2x" +2x—2x—2-x" +2x Collect like terms.
=2x" —x +2x—2x+2x -2 Combine like terms.
=x +2x -2
A polynomial that represents the area of the shaded region is:
x*+2x -2
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C
18. a)

(x=2) =(x-2)(x-2)(x-2)

=x2(x—2)—4x(x—2)+4(x—2)

=x"(x) + x*(-2) — 4x(x) — 4x(-2) + 4(x) + 4(-2)
=x —2x" —4x" +8x +4x -8

=x —6x> +12x -8

b
! (2y + 5)3 = (2y + 5)(2y + 5)(2y + 5)
= [(2y +5)(2y +5)](2y +5)
= [2y(2y +5)+5(2y +5)](2y +5)
=[2y(2y) + 2y(5) + 5(2y) + 5(5)](2y +5)
=(4y> +10y +10y + 25)(2y + 5)
= (4y> + 20y +25)(2y +5)
=4y’ (2y + 5) + 20y(2y + 5) + 25(2y + 5)
=4y’ (2y) +4y? (5) + 20y(2y) + 20y(5) + 25(2y) + 25(5)
= 8y3 + 20y2 + 40y2 +100y + 50y + 125
=8y +60y” +150y + 125
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©)

(4a —3b)’ =(4a —3b)(4a - 3b)(4a - 3b)
= [(4a - 3b)(4a - 3b)](4a - 3b)
= [4a(4a - 3b) - 3b(4a - 3b) |(4a - 3b)
=[4a(4a) + 4a(-3b) — 3b(4a) — 3b(-3b)](4a - 3b)
= (16a* - 12ab — 12ab + 9b” ) (4a — 3b)
= (16a> — 24ab + 9b* )(4a — 3b)
=164’ (4a —3b) — 24ab(4a — 3b) + 9b (4a — 3b)
=16a’ (4a) + 164’ (—3b) - 24ab(4a) - 24ab(—3b) +9p° (4a) +9p° (—3b)
= 64a’ — 48a’b — 96a’b + 72ab’ + 36ab’ — 27’
= 64a’ — 144a’b + 108ab’ — 275’

d)
(c+a’)3 )(c+d)(c+d)
c +d }(c + d)

) +d( c+d)](c+d)

(c+

[

[(

[e(e) +d(e)+d(d)](e+d)
(2

(

+cd +cd + d? )(c+d)

+2cd +d* ) c+d)
c+d)+2cd(c+d)+d*(c+d)

=c (c)+c (d)+2cd(c)+20d(d)+d2(c)+dz(d)
=c’ +c’d +2c°d +2cd’ +cd’ +d’

=c’ +3c’d +3cd® +d°

19. a)
2a( a-— 1)(3a + 2)

=2a[2a(3a +2) - 1(3a +2)]

=2a[ 2a(3a) +2a(2)-1(3a) - 1(2)]
=2a(6a’ + 4a - 3a - 2)

= 2a(6a2 +a-— 2)

= 2a(6a2) + 2a(a) + 2a(—2)

=12a° +2a* — 4a

Lesson 3.7 E= Copyright © 2011 Pearson Canada Inc. 107



Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
b)

—3r(r—1)(2r +1)
==3r[r(2r +1) = 1(2r +1)]
==3r[r(2r)+r(1)-1(2r) - 1(1)]
= —3]/‘(21"2 +r—2r-— 1)
= —3r(2r2 —-r— 1)
= —3r(2r2) — 3r(—l’) —3”(_1)
=—6r +3r° +3r

c)
5x2 (2x - 1)(4x - 3)
= 5x*[ 2x(4x = 3) - 1(4x - 3) |
= 5[ 2x(4x) + 2¢(-3) ~ 1(4x) - 1(-3)]
=5x° (Sx2 —6x—4x + 3)
= 527 (8x” — 10x +3)
=5x2 (8x2) + 5x° (—10x) +5x° (3)
=40x* — 50x° +15x°

d)
—xp(2x +5)(4x - 5)
= —xy|:2x(4x - 5) + 5(4x - 5)]
= —xp[ 2x(4x) + 2x(=5) + 5(4x) + 5(-5) ]
= —xy(8x? —10x + 20x - 25)
= —xp(8x* +10x - 25)
——ay(85°) ~(10) (-25)
=—8x"y —10x’y + 25xy
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e)

2b(2b - c)(b + c)
=2b[2b(b+c)—c(b+c)]

= 2b[ 2b(b) + 2b(c) = c¢(b) - ¢(c) ]
= 2b(2b” + 2bc - be - ¢*)
=2b(2b” + be - ¢*)

= 2b(2b% ) + 2b(bc) + 2b(~c’)
=4b> + 2b’c — 2bc?

20. a) A cube with edge length e has volume: V' = ¢’
Substitute e = 2x + 3, then simplify.

V=(2x+3)
= (2x + 3)(2x + 3)(2x + 3)
= [(2x +3)(2x +3)](2x +3)
= [2x(2x +3) +3(2x + 3)](2x +3)
=[2x(2x) + 2x(3) + 3(2x) + 3(3)](2x + 3)
= (42 + 6x + 6x + 9)(2x + 3)
= (4x* +12x +9)(2x + 3)
=4y’ (2x + 3) + 12x(2x + 3) + 9(2x + 3)
=4x7(2x) + 4x7 (3) + 12x(2x) + 12x(3) + 9(2x) + 9(3)
=8x" +12x° + 24x” +36x + 18x + 27
=8x’ +36x” + 54x + 27
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b) A cube has 6 congruent square faces.
Each face has area: (2x + 3)(2x + 3)

Chapter 3
Factors and Products

So, the surface area of the cube is: 6(2x + 3)(2x + 3), or 6(2x + 3)2

Simplify the expression.

6(2x +3)°

= 6(2x + 3)(2x + 3)

= 6[ 2x(2x + 3) + 3(2x + 3) ]

= 6] 2x(2x) + 2x(3) + 3(2x) + 3(3)]
= 6(4x” + 6x + 6x +9)

= 6(4x” +12x +9)

= 6(4x7) + 6(12x) + 6(9)

=24x" + 72x + 54

21. a)
(3x+4)( - )(2x+8)

=[3x(x—5)+4(x—5)](2x +8)
= [3x(x) + 35(-5) + 4(x) + < 5)](2x +8)
= (3x* — 15x + 4x —=20)(2x + 8
= (3x* — 11x —20)(2x + 8)
=3x*(2x +8) — 11x(2x + 8) — 20(2x + 8)

X

=3x’ (2x) + 3x7 (8) - 11x(2x) - 11x(8) - 20(2x) - 20(8)

= 6x° + 24x” — 22x> — 88x — 40x — 160

= 6x° +2x% —128x — 160

b)
(b-7)(b+8)(3b—4)
=[b(b+8)-7(b+8)](3b-4)
=[b(b)+b(8)—7(b)—7(8)](3b - 4)
= (b +8b — b — 56)(3b — 4)
=(b* +b-56)(3b - 4)
=b*(3b—4)+b(3b - 4) - 56(3b - 4)

=b*(3b) + b*(—4) + b(3b) + b(—4) — 56(3b) —

=3b> — 4b* + 3b* — 4b — 168b + 224
=3b° —b* —172b + 224
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)

(2x - 5)(3x + 4)2

=(2x—5)(3x +4)(3x + 4)

=[2x(3x +4) - 5(3x + 4)|(3x + 4)

=[2x(3x) + 2x(4) - 5(3x) - 5(4)|(3x + 4)

= (627 + 8x — 15x =20 (3x + 4)

= (6x% = 7x —=20)(3x + 4)

= 6x (3x + 4) - 7x(3x + 4) - 20(3x + 4)

= 6x (3x) +6x° (4) - 7x(3x) - 7x(4) - 20(3x) - 20(4)
=18x" + 24x* — 21x* — 28x — 60x — 80

= 18x° + 3x> — 88x — 80

d)
(Sa - 3)2 (2a - 7)
= (Sa — 3)(5a - 3)(2a - 7)
= [5a(5a - 3) — 3(5a — 3)](2a - 7)
= [Sa(Sa) + 5a(—3) - 3(5a) - 3(—3):'(2(1 - 7)
=(254° —15a — 152 + 9)(2a - 7)
= (254> - 30a +9)(2a - 7)
=254 (2a - 7) - 30a(2a - 7) +9(2a - 7)
= 254" (Za) +25a° (—7) - 30a(2a) - 30a(—7) + 9(2a) + 9(—7)
=504 —175a° — 60a” + 210a + 18a — 63
= 504’ — 2354” + 228a — 63

! (2k —3)(2k +3)’
= (2k — 3)(2k + 3)(2k +3)
= [ 2k(2k +3) - 3(2k +3)](2k +3)
= [ 2k(2Kk) + 2k(3) — 3(2k) - 3(3) |(2k + 3)
= (4K + 6k — 6k — 9)(2k + 3)
= (4k* - 9)(2k + 3)
=4k (2k +3) - 9(2k + 3)
= 4k (2k) + 4k* (3) - 9(2k) - 9(3)
=8k® + 12k — 18k — 27

Lesson 3.7 E= Copyright © 2011 Pearson Canada Inc. 111



Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
22. a)

x+y+ 1)3

=(x+y+1)(x+y+1)(x+y+l)
=[x(x+y+1)+y(x+y+1)+1(x+y+1):|(x+y+1)
=[x(x)+x(y)+x(1)+y(x)+y(y)+y(1)+x+y+1](x-|—y+1)

=(x2+xy+x+xy+y2+y+x+y+l)(x+y+l)

x2+2x+2xy+2y+y2+l)(x+y+1)
2(x+y+1)+2x(x+y+l)+2xy(x+y+1)+2y(x+y+1)+y (x+y+1)+x+y+1
( ) ( ) (1)+2x( )+2x(y)+2x(1) +2xy(x)+2xy(y)+2xy(1)+2y(x)+2y(y)+

2y + 7 () + 37 () + 7 (D +x+y+1
=X + XY+ X 2 A2y 22X 42Xy + 200 A 2xy + 2xy + 2y 42y 4t Y Y x+y+1
=x +3x°y+3x7 + 3y +3x7 +6xy + 3y +3x + 3y + 1

b)

x—y—l)3

=(x-y-)x-y-1)(x-y-1)

ettt sl

—[x(x y)+ x(- 1)—y(x)—y(—y)—y(—l)—x+y+1](x—y—l)
=(x2—xy—x—xy+y +y—x+y+1)(x—y—1)
(2—2x—2xy+2y+y2+1)(x—y—1)

=x'(x—y-1)-2x(x—y-1)-20p(x—y-D+2p(x -y -1+ y’(x—y -1 +x-y -1
=X (x)+x2(—y)+x2(—l)— 2x(x)—2x(—y)—2x(—1) —2xy(x)—2xy(—y)— 2xy(—l) + 2y(x) +
2y(—y)-|—Zy(—l)—i-yz(x)+y2 (—y)+y2(—l)+x—y—l
=x =Xy =X =2 +2xp +2x —2xX°y 4200 + 2xy +2xp =2y =2y +xpt -y —p 4 x—y—1
=x =3x"y+3x7 -y =3x +6xy - 3y* +3x = 3y -1
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)
3
x+y+z)

=(x+y+z)(x+y+z)(x+y+2)
=[x(x+y+z)+y(x+y+z)+z(x+y+z)](x+y+z)
=[x(x) + x(y) + x(z) + y(x) + p(¥) + y(2) + z(x) + 2(») + z(2) | (x + ¥ + 2)
:(x2 XY+ xz4+xy+ ) +yz+xz+yz+zz)(x+y+z)
=(x2 +2xy + P 4+ 2yz + 2 +2xz)(x+y+z)
:xz(x-i-y+Z)+2xy(x+y+z)+yz(x+y+z)+2yz(x+y+Z)+22(x+y+z)+2xz(x+y+z)
=x2(x)+x2(y)+ x’ (z)+ ny(x) +2xy(y)+ 2xy(z)+ yz(x)+y2 (y)—i—y2 (z)+ 2yz(x) +
2yz(y) + 2yz(z) +2° (x) +7 (y) +2 (z) + ZxZ(x) + 2xz(y) + 2xz(z)
=X + XY+ Xz 420y + 20 +2xyz +xp0 + Y+ Yz + 2xyz + 2y 2+ 2y2° + xz’ +
yzt + 20+ 2x°z + 2xyz + 2x2°

=x +3x°y +3x> + ® +3x7z + 6xyz +3y°z + 3xz” +3yz” + 2°

d)
X—y- 2)3

“(x=y=2)(x-y =) (r-y-2)

:[x(x—y—z)—y(x—y—z)—z(x—y—z)](x—y—z)

=[x(x) + x(=p) + x(=2) = p(x) = y(=9) = »(=2) = 2(x) = 2(=y) = 2(=2) J(x -y = 2)

=(x2 —xy—xz—xy+y° +yz—xz+yz+z2)(x—y—z)

:(x2 —2xy+ V4 2yz+ 2’ —2xz)(x—y—z)

=x2(x—y—Z)—2xy(x—y—z)+y2(x—y—z)+2yz(x—y—z)+zz(x—y—z)—2xz(x—y—z)

=x’ (x) +x° (—y) +x° (—z) - 2xy(x) - 2xy(—y) - 2xy(—z) +y° (x) +y° (—y) +y° (—Z) + 2yz(x) +
2yz(—y) + 2yz(—z) +2z’ (x) + 2z’ (—y) +2z (—z) - 2xz(x) - 2xz(—y) - 2xz(—z)

=x Xy —Xz-2Xy+2x)" +2xpz +x3° — V' — Yz +2xpz - 2y°z = 2yz° + xz° —
yzt — 20 = 2x°z + 2xyz + 2x2°

=x =3y +3x* =y’ =3x°z+ 6xyz —3y’z +3xz" = 3yz° - 2°
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Lesson 3.8 Factoring Special Polynomials Exercises (pages 194-195)
A

=3(3)+3(-») - »(3) - ¥(-»)
=9-3y-3y+)’
=9-6y+)°

o (5+d)=(5+d)(5+d)
=5(5+d)+d(5+d)
=5(5)+5(d)+d(5)+d(d)
=25+5d +5d +d’
=25+10d + d*

d (7-/)Y=(1-1)7-1)
=1(71-f)-r(7-7)
=7(1)+7(=f) = /()= £ (/)
=49-T7f-T7f+ f*
=49 - 14f + f?

e) (x + 2)(x - 2)= x(x - 2) + 2(x - 2)
=x(x) + x(-2) +2(x) + 2(-2)

2

=9+3y-3y—-y
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g) (5+d)(5-d)=5(5-d)+d(5-4d)

h)

b)

d)

=5(5)+5(-d)+d(5)+d(-d)
=25-5d +5d - d*
=25-d’

(T-NT+1)=707+f)-f(7+F)
=710 +7(/) -1 (1) = 7(f)
=49+7f-7f-f°
=49 - f?

25-¢
This polynomial is a difference of squares because it is of the form a’ — b*, and
25=(5)(5) and > = (t)(1).

16m’ + 49n*

This polynomial is not a perfect square trinomial because it has only 2 terms.

It is not a difference of squares because it is not of the form a* — b°.

So, this polynomial is neither a perfect square trinomial nor a difference of squares.

4x* —24xy +9)°

This polynomial is not a difference of squares because it is not of the form o> — b°.
It has 3 terms, so it may be a perfect square trinomial.

Check: 4x* = (2x)(2x) and 9y” = (3y)(3y)

Since 2(2x)(3 y) # 24xy, the polynomial is not a perfect square trinomial.

So, this polynomial is neither a perfect square trinomial nor a difference of squares.

9m® — 24mn + 16n°
This polynomial is not a difference of squares because it is not of the form a* — b°.

It has 3 terms, so it may be a perfect square trinomial.
Check: 9m* = (3m)(3m) and 16n* = (4n)(4n)

Since 2(3m)(4n) = 24mn, the polynomial is a perfect square trinomial.

x> —49
Write each term as a perfect square.
x* —49 = (x)2 - (7)2 Write these terms in binomial factors.

=(x+7)(x—7)
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b) b -121
Write each term as a perfect square.
p* —121= (b)2 — (1 1)2 Write these terms in binomial factors.

= (b+11)(b-11)

0 l-¢°
Write each term as a perfect square.

1-¢° = (1)2 —~ (q)2 Write these terms in binomial factors.
=(1+4)(1-q)

d) 36-¢
Write each term as a perfect square.

36 —¢* = (6)2 - (c)2 Write these terms in binomial factors.

=(6+c)(6—c)
B

7. a) i) a* +10a + 25
The first term is a perfect square since a’ = (a)(a).
The third term is a perfect square since 25 = (5)(5).
The second term is twice the product of ¢ and 5:
10a =2 (a) (5)
Since the second term is positive, the operations in the binomial factors must be

addition.
So, the trinomial is a perfect square trinomial and its factors are:

(a+5)(a+5),or(a+ 5)2

ii) > —12b + 36
The first term is a perfect square since b* = (b)(b).
The third term is a perfect square since 36 = (6)(6).
The second term is twice the product of  and 6:
125 = 2(b)(6)
Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(b—6)(b—6),0r(b-6)
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iii) ¢® +14c + 49

The first term is a perfect square since ¢’ = (c)(c)

The third term is a perfect square since 49 = (7)(7)

The second term is twice the product of ¢ and 7:

l4c = 2(0)(7)

Since the second term is positive, the operations in the binomial factors must be

addition.
So, the trinomial is a perfect square trinomial and its factors are:

(c + 7)(c + 7), or (c + 7)2

iv) d> —16d + 64

The first term is a perfect square since d* = (d)(d).

The third term is a perfect square since 64 = (8)(8).

The second term is twice the product of d and 8:

16d = 2(d)(8)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(d —8)(d —8),0r (d -8)

V) ¢ +18e + 81

The first term is a perfect square since e” = (e)(e).

The third term is a perfect square since 81=(9)(9).

The second term is twice the product of e and 9:

18e =2 (e) (9)

Since the second term is positive, the operations in the binomial factors must be
addition.

So, the trinomial is a perfect square trinomial and its factors are:
(e + 9)(e + 9), or (e + 9)2

vi) f2-20f +100

Lesson 3.8

The first term is a perfect square since /2 = (f)( f).

The third term is a perfect square since 100 = (10)(10).

The second term is twice the product of fand 10:

201 =2(1)(10)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(f —10)(f - 10),0r (f - 10’
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b) The variables in the trinomials and binomial factors are consecutive letters of the
alphabet, starting with a.

Trinomials:

The first term in the trinomials is the square of the variable.

The coefficient of the second term starts at 10 and increases by two each time. The
variable has degree one. The signs alternate.

The third terms in the trinomials are consecutive perfect squares, starting at 25.

Binomial factors:
The first term is the variable.
The second terms are consecutive whole numbers, starting at 5. The sign alternates.

Patterns that relate the trinomial to its factors:

The first term in the trinomial is the square of the first term in the binomial.

The third term in the trinomial is the square of the second term in the binomial.

The second term in the trinomial is twice the product of the first and second terms in the
binomial.

The operation in the binomial factors is the same as the sign of the second term in the
trinomial.

The next 4 trinomials in the pattern and their factors are:
g +22g +121=(g +11)

W —24h +144 = (h —12)’

i? +26i +169 = (i +13)°

J* 287 +196 = (j —14)’

8. a) 4x° —12x+9
The first term is a perfect square since 4x” = (2x)(2x).
The third term is a perfect square since 9 = (3)(3)
The second term is twice the product of 2x and 3:
12x = 2(2x)(3)
Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(2x - 3)(2x = 3), 0r (2x - 3’
To verify, multiply:
(2x - 3)(2x - 3) = 2x(2x - 3) - 3(2x - 3)
=4x* —6x —6x+9
=4x* —12x+9
Since the trinomial is the same as the original trinomial, the factors are correct.
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b) 9 +30n + 251"
The first term is a perfect square since 9 = (3)(3)
The third term is a perfect square since 251> = (Sn)(Sn)
The second term is twice the product of 3 and 5x:
30n = 2(3)(5n)
Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(3 + 5n)(3 + Sn), or (3 + Sn)2

To verify, multiply:

(3 + 5n)(3 + Sn) = 3(3 + Sn) + 5n(3 + 5n)
=9+ 151+ 15n + 25n°

=9 +30n + 25n°
Since the trinomial is the same as the original trinomial, the factors are correct.

¢) 81-36v+47’
The first term is a perfect square since 81 =(9)(9).
The third term is a perfect square since 4v* = (2v)(2v).
The second term is twice the product of 9 and 2v:
36v =2(9)(2v)
Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(9—2v)(9 - 2v), or (9 - 2v)’
To verify, multiply:
(9 - 2v)(9 — 2v) = 9(9 - 2v) — 2v(9 - 2v)
=81-18v —18v + 4°
=81 -36v + 4’
Since the trinomial is the same as the original trinomial, the factors are correct.

d) 25+40h+16h°
The first term is a perfect square since 25 = (5)(5).
The third term is a perfect square since 164” = (44)(4h).
The second term is twice the product of 5 and 44:
400 = 2(5)(4h)
Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(5+4h)(5 + 4h), or (5 + 4h)’
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To verify, multiply:
(5+4h)(5+ 4h)=5(5+ 4h) + 4h(5 + 4h)
=25+ 20/ + 20h + 16Ah°

=25+ 40h + 164
Since the trinomial is the same as the original trinomial, the factors are correct.

e) 9g” +48g + 64
The first term is a perfect square since 9g* = (3g)(3g).
The third term is a perfect square since 64 = (8)(8).
The second term is twice the product of 3g and &:
48g = 2(3g)(8)
Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(3g +8)(3g +8),0r (3g +8)°
To verify, multiply:
(3g + 8)(3g + 8) = 3g(3g + 8) + 8(3g + 8)
=9g” +24g +24g + 64
=9g”> +48g + 64
Since the trinomial is the same as the original trinomial, the factors are correct.

f) 49/ —28r + 4
The first term is a perfect square since 497* = (7r)(7r).

The third term is a perfect square since 4 = (2)(2).

The second term is twice the product of 77 and 2:

28r = 2(7r)(2)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(7r =2)(7r = 2), 0r (7r - 2)2

To verify, multiply:

(7r - 2)(7r - 2) = 7r(7r - 2) - 2(7r - 2)
=497 —14r —14r + 4

=497° - 28r + 4
Since the trinomial is the same as the original trinomial, the factors are correct.

9. a) The formula for the area of a square, 4, is: 4 = 5%, where s is the side length of the
square.
The larger square has side length x.
So, an expression that represents its area is: x*
The smaller square has side length y.
So, an expression that represents its area is: y*
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The area of the piece that remains is the area of the larger square minus the area of the
smaller square.
So, an expression for the area of the piece that remains is: x*— *

b)

[ T
X-y
From the diagrams above, the rectangle has dimensions x — y and x + y.
The formula for the area, A, of a rectangle is:
A = lw, where [ is the length of the rectangle and w is its width.
Substitute: /=x+yandw=x—y

A:(x+y)(x—y)
=x(x=y)+y(x-v)
=x' —xy +xy -y’

2 2
=X —y

The area of the rectangle is represented by the expression: x> — y*

¢) The two expressions represent the area of the same region, so the expressions are equal:
Xy =@+ y)a-y)
This is the difference of squares.
10. a) 9d> - 16/
Write each term as a perfect square.
9d° —16f° = (?;cl)2 - (4f)2 Write these terms in binomial factors.

= (3d +41)(3d - 41)
To verify, multiply:
(3d +4f)(3d —4f):3d(3d —4f)+4f(3d —4f)
=9d* —12df +12df —16f
=9d° —16f
Since the binomial is the same as the original binomial, the factors are correct.

b) 25s% — 641
Write each term as a perfect square.
2557 — 641% = (55)" — (8¢)’ Write these terms in binomial factors.
= (SS + 8t)(5s - St)
To verify, multiply:
(5s + 8t)(5s - 8t) = SS(SS - 8t) + 8t(5s - 81)
=255 — 40st + 40st — 641°
=255 — 641’
Since the binomial is the same as the original binomial, the factors are correct.
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¢) 1444 —9b*

d)

The terms have a common factor 9. Remove this common factor.
144a> - 9b* = 9(16a2 —~ bz) Write each term in the binomial as a perfect square.

= 9[(461)2 —~ (b)2 } Write these terms in binomial factors.
=9(4a +b)(4a - b)
To verify, multiply:
9(4a + b)(4a — b) =9[ 4a(4a — b) + b(4a - b)]
=9(16a” - 4ab + 4ab — b
=9(16a" - b*)
= 1444 — 9b*
Since the binomial is the same as the original binomial, the factors are correct.

121m* - n’
Write each term as a perfect square.
121m* — n* = (11m)" - (n)’
= (1 Im + n)(l Im — n)
To verify, multiply:
(11m + n)(11m — n) =11m(11m — n) + n(11m — n)
=121m* = 11mn + 11lmn — n*
=121m* — n*

Since the binomial is the same as the original binomial, the factors are correct.

Write these terms in binomial factors.

81k* — 49m*
Write each term as a perfect square.
81k* — 49m* = (91()2 - (7m)2 Write these terms in binomial factors.

= (9k + 7m)(9k - 7m)
To verify, multiply:
(9k + 7m)(9k - 7m) = 9k(9k - 7m) + 7m(9k - 7m)
=81k’ — 63km + 63km — 49m’
=81k> — 49m’
Since the binomial is the same as the original binomial, the factors are correct.

100y* — 81z
Write each term as a perfect square.
100y* - 81z* = (10y)’ - (92)° Write these terms in binomial factors.

= (IOy + 9z)(10y - 9z)
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g

h)

11. a)

To verify, multiply:
(lOy + 92)(10y - 92) = lOy(lOy - 92) + 9z(lOy - 92)
=100y* —90yz + 90yz — 81z
=100y* —81z°
Since the binomial is the same as the original binomial, the factors are correct.

v — 36t
Write each term as a perfect square.
Vi =36t = (v)2 - (6t)2 Write these terms in binomial factors.

= (v + 6t)(v - 6t)
To verify, multiply:
(v + 6t)(v - 6[) = v(v - 6t) + 6l(v - 6t)
=V’ — 6tv + 61v — 3617
=v - 36t
Since the binomial is the same as the original binomial, the factors are correct.

4;% - 2251°
Write each term as a perfect square.
4;% — 225K = (2j)2 - (15/1)2 Write these terms in binomial factors.

=(2j +15h)(2j —15h)
To verify, multiply:
(2 +15R)(2j —15h) =2 (2 = 15h) + 15 (2 — 15h)
=4 — 30k + 30hj — 225k
=4, - 2251°
Since the binomial is the same as the original binomial, the factors are correct.

¥+ 7yz +102°

Use decomposition. Since the 3rd term in the trinomial is positive, the operations in the
binomial factors will be the same. Since the second term is positive, these operations will
be addition.

The two binomials will have the form: (?y + ?z)(?y + ?z)

The product of the coefficients of y* and z* is: (1)(10) = 10
Write 7yz as a sum of two terms whose coefficients have a product of 10.

Factors of 10 Sum of Factors
1,10 1+10=11
2,5 2+5=7

The two coefficients are 2 and 5, so write the trinomial y* + 7yz + 102> as

Y +2yz +5yz+102%.
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Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
Y’ +2yz + 5yz+102°

=y(y +2z2)+5z(y + 2z) Remove the common binomial factor.

= (y + 22)(y + 52)
So, ¥* + 7yz +10z* = (y + 22)(y + SZ)
To verify, multiply:
(y + 2z)(y + 52) = y(y + 52) + 2Z(y + 52)
=y +5yz +2yz + 102
=y’ +7yz +10Z°
Since this trinomial is the same as the original trinomial, the factors are correct.

b) 4w’ — 8wx — 21x’
Use decomposition. Since the 3rd term in the trinomial is negative, the operations in the
binomial factors will be addition and subtraction.
The two binomials will have the form: (?w + 2x)(?w — ?x)

The product of the coefficients of w” and x* is: (4)(-21) = -84
Write —8wx as a sum of two terms whose coefficients have a product of —84.

Factors of -84 | Sum of Factors
4,-21 4-21=-17
4,21 —4+21=17
6,—14 6—-14=-8

-6, 14 —-6+14=28

The two coefficients are 6 and —14, so write the trinomial 4w* — 8wx — 21x” as
4w’ + 6wx — 14wx — 21x>.

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
4w + 6wx — 14wx — 21x°

=2w(2w + 3x) — 7x(2w + 3x) Remove the common binomial factor.
= (2w + 3x)(2w - 7x)
So, 4w* — 8wx —21x* = (2w + 3x)(2w — 7x)
To verify, multiply:
(2w + 3x)(2w - 7x) = 2w(2w - 7x) + 3x(2w - 7x)
= 4w’ — 14wx + 6wx — 21x°
= 4w’ — 8wx — 21x°

Since this trinomial is the same as the original trinomial, the factors are correct.
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¢) 12s* — Tsu +u’

d)

Use decomposition. Since the 3rd term in the trinomial is positive, the operations in the
binomial factors will be the same. Since the second term is negative, these operations will
be subtraction.

The two binomials will have the form: (?s - ?u)(?s - ?u)

The product of the coefficients of s* and u” is: (12)(1) = 12

Write —7su as a sum of two terms whose coefficients have a product of 12.

Factors of 12 Sum of Factors
-1,-12 -1-12=-13
-2,-6 -2-6=-8

-3, 4 3 -4=_7

The two coefficients are —3 and —4, so write the trinomial 12s* — 7su + u”® as
125> = 3su — 4su+u’.
Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
125 = 3su — 4su+u’
=3s(4s —u)—u(4s —u) Remove the common binomial factor.
= (4s — u)(3s - u)
So, 12s* — Tsu + u* = (45 — u)(3s — u)
To verify, multiply:
(4s — u)(3s - u) = 4S(3s - u) - u(3s - u)
=125> — 4su — 3su + u’
=125> — Tsu +u’
Since this trinomial is the same as the original trinomial, the factors are correct.

37 = Ttv + 47

Use decomposition. Since the 3rd term in the trinomial is positive, the operations in the
binomial factors will be the same. Since the second term is negative, these operations will
be subtraction.

The two binomials will have the form: (?7 — ?v)(?2¢ — ?v)

The product of the coefficients of £ and v* is: (3)(4) = 12

Write —7¢v as a sum of two terms whose coefficients have a product of 12.

Factors of 12 Sum of Factors
-1,-12 -1-12=-13
-2,-6 -2-6=-8
-3,-4 -3-4=-7

The two coefficients are —3 and —4, so write the trinomial 3z> — 7¢v + 4v* as
3t =3ty — v+ 7,
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Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
37 =3ty — dtv+ 47

=3¢(¢ —v) — 4v(¢ — v) Remove the common binomial factor.
= (t - v)(3t - 4v)
So, 3t* = Trv + 4v* = (1 —v)(3t — 4v)
To verify, multiply:
(t - v)(3t - 4v) = t(3t - 4v) - v(3t - 4v)
=317 —4tv -3tv + 4’
=32 - Ttv+ 47
Since this trinomial is the same as the original trinomial, the factors are correct.

e) 107° +9rs — 9s°
Use decomposition. Since the 3rd term in the trinomial is negative, the operations in the
binomial factors will be addition and subtraction.
The two binomials will have the form: (?r + 2s)(?r — ?s)

The product of the coefficients of 7*and s* is: (10)(=9) = —90
Write 9rs as a sum of two terms whose coefficients have a product of —90.

Factors of 90 | Sum of Factors
5,—-18 5-18=-13
-5, 18 -5+18=13
6,15 6-15=-9

-6, 15 —-6+15=9

The two coefficients are —6 and 15, so write the trinomial 107> + 9rs — 9s” as
107* — 6rs + 15rs — 9s”.

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
107* — 6rs + 15rs — 9s”

=2r(5r —3s) +3s(5- —3s)  Remove the common binomial factor.
= (Sr - 3s)(2r + 35)
So, 107* + 9rs — 9s* = (Sr — 3s)(2r + 3s)

To verify, multiply:
(5r - 3s)(2r + 3S) = 5r(2r + 3s) - 3S(2r + 3s)

=107" + 15rs — 6rs — 9s”
=107" + 9rs — 9s”
Since this trinomial is the same as the original trinomial, the factors are correct.
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f) 8p° +18pg —35¢°

12. a)

b)

Use decomposition. Since the 3rd term in the trinomial is negative, the operations in the
binomial factors will be addition and subtraction.

The two binomials will have the form: (?r + 25)(?r — ?s)

The product of the coefficients of p*and ¢ is: (8)(-35) = —280
Write 18pqg as a sum of two terms whose coefficients have a product of —280.

Factors of —280 | Sum of Factors
8,35 8-35=-27
-8, 35 -8 +35=27
10, 28 10 -28=-18
-10, 28 -10+28=18

The two coefficients are —10 and 28, so write the trinomial 8 p* + 18pg — 35¢° as
8p° —10pq + 28pq — 35¢°.
Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
8p° —10pq + 28pq — 35¢°
=2p(4p —5q) +79(4p — 59) Remove the common binomial factor.
= (4p - 5q)(2p + 7q)
So, 8p> +18pg — 35¢° = (4p - 5q)(2p + 7q)
To verify, multiply:
(4p — 5q)(2p + 7q) = 4p(2p + 7q) — 5q(2p + 7q)
=8p” +28pq —10pqg — 35¢°
=8p’ +18pq — 35¢°
Since this trinomial is the same as the original trinomial, the factors are correct.

4x* + 28xy + 49)°
The first term is a perfect square since 4x” = (2x)(2x).

The third term is a perfect square since 49y° = (7y)(7y).

The second term is twice the product of 2x and 7y:

28xy = 2(2x)(7y)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(2x + 7y)(2x + 7y), or (2x + 7y’

15m* + Tmn — 4n*

The first term is not a perfect square, so the trinomial is not a perfect square.

So, I’'ll factor by decomposition.

Since the 3rd term in the trinomial is negative, the operations in the binomial factors will
be addition and subtraction.

The two binomials will have the form: (?m + ?n)(?m — ?n)
The product of the coefficients of m”and n” is: (15)(-4) = —60
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d)

Write 7mn as a sum of two terms whose coefficients have a product of —60.

Factors of —60 Sum of Factors
4,-15 4-15=-11
4,15 —4+15=11
5,-12 5-12=-7

-5, 12 S+12=7

The two coefficients are —5 and 12, so write the trinomial 15m* + 7mn — 4n” as
15m> — Smn + 12mn — 4n” .

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
15m* — Smn + 12mn — 4n’

=5m(3m —n)+ 4n(3m —n)  Remove the common binomial factor.
= (3m — n)(Sm + 4n)
So, 15m* + Tmn — 4n* = (3m - n)(Sm + 4n)

1677 + 8rt +1°
The first term is a perfect square since 16r* = (4r)(4r).

The third term is a perfect square since #* = (¢)(7).

The second term is twice the product of 4» and #:

8rt =2(4r)(t)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(4r +1)(4r + 1), or (4r + t)2

9a® — 42ab + 49b*
The first term is a perfect square since 9a* = (3a)(3a).

The third term is a perfect square since 495> = (7b)(7b).

The second term is twice the product of 3a and 7b:
42ab = 2(3a)(7b)
Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(3a - 7b)(3a - 7b), or (3a — 7b)’

12h* + 25hk + 12k

The first term is not a perfect square, so the trinomial is not a perfect square.

So, I’ll factor by decomposition.

Since the 3rd term in the trinomial is positive, the operations in the binomial factors will
be the same. Since the second term is positive, these operations will be addition.

The two binomials will have the form: (?h + ?k)(?h + ?k)

The product of the coefficients of 4#* and £* is: (12)(12) = 144
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Write 25hk as a sum of two terms whose coefficients have a product of 144,

Factors of 144 Sum of Factors
4,36 4+36=40
6, 24 6+24=30
8, 18 8+ 18=26
9,16 9+16=25

The two coefficients are 9 and 16, so write the trinomial 124> + 25hk + 12k* as

12h* + 9hk + 16k + 12k°.
Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
12h* + 9hk +16hk + 12k*

=3h(4h + 3k) + 4k(4h + 3k) Remove the common binomial factor.
= (4h + 3k)(3h + 4k)
So, 12h* + 25hk + 12k* = (4h + 3k)(3h + 4k)

157* - 31fg +10g?
The first term is not a perfect square, so the trinomial is not a perfect square.
So, I'll factor by decomposition.
Since the 3rd term in the trinomial is positive, the operations in the binomial factors will
be the same. Since the second term is negative, these operations will be subtraction.

The two binomials will have the form: (? =7 g)(? =7 g)

The product of the coefficients of *and g” is: (15)(10) = 150
Write -3 1fg as a sum of two terms whose coefficients have a product of 150.

Factors of 150 Sum of Factors
-3,-50 -3-50=-53
-5,-30 -5-30=-35
-6, -25 —-6-25=-31

The two coefficients are —6 and —25, so write the trinomial 15> — 31fg + 10g” as

1512 —6fg —25fg +10g”.
Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:

15f* —6fg — 25fg +10g°
=3/(5/ —2g)-5g(5/ — 2g) Remove the common binomial factor.
=(5/-2¢)(3f -52)
So, 15/ =31fg +10g* = (5 - 2g)(3f - 52)
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13. a) 8m’ —72n°

b)

d)

As written, each term of the binomial is not a perfect square. But the terms have a
common factor 8. Remove this common factor.

8m® —72n° = 8(m2 —~ 9n2) Write each term in the binomial as a perfect square.

8[(m)2 - (3n)2 } Write these terms in binomial factors.

= 8(m + 3n)(m — 3n)

8z +8yz +2)°
As written, each term of the trinomial has a common factor 2.
Remove this common factor.

8z° +8yz +2)° = 2(422 +4yz + yz)
Look at the trinomial 4z° + 4yz + y°.
The first term is a perfect square since 4z° = (2z)(2z).

The third term is a perfect square since y° = (y)(y).

The second term is twice the product of 2z and y:

4yz = 2(22)(y)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(22 + y)(2z + y), or (22 + y)2
So, 8z% +8yz +2y° = 2(2Z + y)2

12x* —27y°
As written, each term of the binomial is not a perfect square. But the terms have a
common factor 3. Remove this common factor.

12x* =27y = 3(4x2 -9 yz) Write each term in the binomial as a perfect square.
= [(2x)2 - (3 y)2 } Write these terms in binomial factors.

3
3(2x + 3y)(2x - 3y)

8p° +40pq + 50q°
As written, each term of the trinomial has a common factor 2.
Remove this common factor.

8p> +40pq + 504" = 2(4p> + 20pq + 2577

Look at the trinomial 4p° + 20pg + 25¢° .

The first term is a perfect square since 4p° = (2p)(2p).
The third term is a perfect square since 25¢° = (Sq)(Sq).
The second term is twice the product of 2p and 5¢:

20pq = 2(2p)(5q)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:
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e)

(2p + 5q)(2p + Sq), or (2p + 5q)2
So, 8p* + 40pg + 50g> = 2(2p + 5q)2

—24u* — 6uv + N°
As written, each term of the trinomial has a common factor —3.
Remove this common factor.

—24u* — 6uy + N = —3(8u2 + 2uv — 3v2)

Look at the trinomial 8u* + 2uv — 3v*.

The first term is not a perfect square, so the trinomial is not a perfect square.

So, I’1l factor by decomposition.

Since the 3rd term in the trinomial is negative, the operations in the binomial factors will
be addition and subtraction.

The two binomials will have the form: (?u + ?v)(?u - ?v)

The product of the coefficients of u* and v* is: (8)(-3) =24
Write 2uv as a sum of two terms whose coefficients have a product of —24.

Factors of —24 Sum of Factors
3,-8 3-8=-5
-3,8 -3+8=5
4, -6 4-6=-2
4,6 4+6=2

The two coefficients are —4 and 6, so write the trinomial 8u> + 2uv — 3v* as

8u’ — duv + 6uy — 3’ .
Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
8u’ — duv + 6uy — 3’

= 4u(2u - v) + 3v(2u - v) Remove the common binomial factor.
= (2u - v)(4u + 3v)

So, 8u® + 2uy — 3 = (2u - v)(4u + 3v)

And, —24u” — 6uy + N’ = —3(2u - v)(4u + 3v)

—18h% +128¢2

As written, each term of the binomial is not a perfect square. But the terms have a
common factor —2. Remove this common factor.

—18b° +128c% = — 2(9b2 - 6402) Write each term in the binomial as a perfect square.
=- 2[(31))2 - (80)2 ] Write these terms in binomial factors.
= —2(3b + 80)(3b — 8c)
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14. a)

fountain

flower bed

b) The flower bed and the circular fountain form a large circle with radius R.
The area of the flower bed = the area of the large circle minus the area of the small circle.

The formula for the area of a circle, 4, is A = nr?, where r is the radius of the circle.
The area of the large circle is: 4 = R’
The area of the small circle is: 4 = nr°

So, the area of the flower bed is: 7R’ — wr°
As written, each term of the binomial is not a perfect square. But the terms have a
common factor, © . Remove this common factor.

R —mr’ = n(R2 - rz) Write each term in the binomial as a perfect square.

7t[(R)2 - (r)2 J Write these terms in binomial factors.
n(R + r)(R — r)

An expression for the area of the flower bed is: n(R + r)(R - r)

¢) Use the expression: (R +r)(R —r)
Substitute: R = 350 and » = 150
(R +r)(R - r)=mn(350+150)(350 — 150)
= 1(500)(200)
=100 0007
=314159.2654...
So, the area of the flower bed is approximately 314 159 cm’.

15. a) i) x° +ox +49
The first term is a perfect square since x* = (x)(x)

The third term is a perfect square since 49 = (7)(7) or 49 = (—7)(—7).

For the trinomial to be a perfect square, the second term must be
twice the product of x and 7 or twice the product of x and —7:

Dx=2(x)(7) Dx=2(x)(—7)
=14x =—14x
So, the integers that can replace o are 14 and —14.
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ii) 4a° + 20ab + ob’

For the trinomial to be a perfect square, the coefficient of the second term, 20, must be
twice the product of the square root of 4 and the square root of the number represented
by the box.

I know the square root of 4 is 2.

Let the square root of the number represented by the box be x.

So, 20 = 2(2)(x)

20 =4x
x=35
So, O =52, or 25

iii) oc> — 24cd +16d*
For the trinomial to be a perfect square, the coefficient of the second term, —24, must
be negative two times the product of the square root of 16 and the square root of the
number represented by the box.
I know the square root of 16 is 4.
Let the square root of the number represented by the box be x.
So, 24 = -2(4)(x)
—24=-8x
x=3
So, o =3%o0r9

b) i) 2 integers; the middle term can be positive or negative. It can only have one value: twice
the product of the square roots of its first and last terms.
ii) 1 integer; the last term in a perfect square is positive. It can only have one value: the
square of half the value of the middle term divided by the square root of the first term.
iii) 1 integer; the first term in a perfect square is positive. It can only have one value: the
square of half the value of the middle term divided by the square root of the last term.

16. Let’s look at a few examples.
(x+1)2 =x"+2x+1

(2x+3) =4x* +12x + 9

When all the terms in the trinomial are positive, b is greater than ¢ and b is greater than a.
This is not possible when a, b, and ¢ are consecutive positive integers.

(x—l)2 =x"—2x+1

(2x=3)" =4x* —12x +9

When the middle terms in the trinomial is negative, b is less than ¢ and b is less than a.
This is not possible when a, b, and ¢ are consecutive negative integers.

So, there are three possibilities for a, b, and ¢ when they are not all positive integers and not
all negative integers:

a=0,b=1,c=2

a=-1,b=0,c=1

a=-2,b=-1,¢=0

Check each possibility to determine whether the trinomial can be factored:
OX°+x+2=x+2 This cannot be factored.
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17.

18.

X+ 0x+1=—x"+1

(1)

= (x=1)(x+1)
This trinomial can be factored.
2P —x+0=-2x"—x

= —x(2x + 1)

This trinomial can be factored.
So, there are 2 possibilities for consecutive integers a, b, and c:
-1,0,1and-2,-1,0

To determine (199)(201), I can use the difference of squares.
I know 199 =200 — 1 and 201 =200 + 1

So, (199)(201)=(200 —1)(200 + 1) Iknow (a —b)(a +b)=a’ - b’
=200"-1°
=40 000 — 1
=39999

(199)(201) =39 999

The area of the shaded region is:
area of large square — area of small square
The formula for the area of a square is: 4 = s°, where s is the side length of the square.

Area of large square:
Use the formula 4 = s”. Substitute: s =3x + 5

4, =(3x+5)

Area of small rectangle:
Use the formula 4 = s*. Substitute: s = 2x — 1

4, =(2x-1)

So, area of the shaded region is:

A=A, — A,
=(3x+5) —(2x 1)’
=(3x+5)(3x+5)—(2x-1)(2x 1)
=3x(3x+5)+5(3x+5) - [ 2x(2x - 1) - 1(2x - 1) |
= 9x” +15x +15x + 25 —(4x* - 2x - 2x + 1)
=9x"+30x + 25— 4x” +4x -1

=5x" + 34x+ 24

A polynomial that represents the area of the shaded region is:
5x% + 34x + 24
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19.2) i) (x* +5)

This expression is not a difference of squares because it is not of the form a* — b°.
It is not a perfect square trinomial because it does not have three terms.

So, this expression is neither a perfect square trinomial nor a difference of squares.
It is the square of a binomial, or a perfect square trinomial in factored form.

i) —100 + 7

This expression is a difference of squares because it can be written in the form
a’ —b*: r* =100, and 7* = (r)(r) and 100 = (10)(10)

iii) 81a°h” —1

This expression is a difference of squares because it is written in the form a* — b7,
and 81a°b* = (9ab)(9ab) and 1 = (1)(1).

iv) 16s* + 85> +1

This expression is not a difference of squares because it is not of the form a* — b>.

It has 3 terms, so it may be a perfect square trinomial.
Check: 165" = (45%)(4s”) and 1= (1)(1)

Since 2(4s2 )(1) =8s”, the expression is a perfect square trinomial.

b) i) This expression represents a perfect square trinomial in factored form, and it cannot

Lesson 3.8

be factored further.

ii) —100 + r* can be written as: 7> — 100

This is a difference of squares so it can be factored.
Write each term as a perfect square.

r* —100= (r)2 - (10)2 Write these terms in binomial factors.
= (r + 10)(r — 10)

iii) 81a°h* —1 is a difference of squares so it can be factored.
Write each term as a perfect square.

8la’h* —1= (9ab)2 - (1)2 Write these terms in binomial factors.
= (9ab + 1)(9ab — 1)

iv) 16s* + 85> + 1 is a perfect square trinomial, so it can be factored.
The first term is a perfect square since 16s* = (4s2 )(4s2 )
The third term is a perfect square since 1= (1)(1).
The second term is twice the product of 4s” and 1: 8s* = 2(4s2 )(1)

Since the second term is positive, the operations in the binomial factors must be
addition.

So, its factors are: (4s2 + 1)(432 + 1), or (452 + 1)2
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20.a) x' —13x> +36

b)

The first term is a perfect square since x* = (x2 )(x2 )

The third term is a perfect square since 36 = (6)(6).

The second term is not twice the product of x* and 6 so the trinomial is not a perfect
square.

So, I'll factor by decomposition.

Since the 3rd term in the trinomial is positive, the operations in the binomial factors will
be the same. Since the second term is negative, these operations will be subtraction.

The two binomials will have the form: (?x2 - ?)(? Xt - ?)

The product of the coefficient of x* and the constant term is: (1)(36) = 36
Write —13x” as a sum of two terms whose coefficients have a product of 36.

Factors of 36 Sum of Factors
-2,-18 -2-18=-20
-3,-12 -3-12=-15
—4,-9 -4 -9=-13

The two coefficients are —4 and —9, so write the trinomial x* — 13x> + 36 as

xt —4x" —9x" +36.

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
xt—4x* —9x* + 36

=x’ (x2 - 4) - 9(]62 - 4) Remove the common binomial factor.

= (x2 - 4)()62 — 9)
So, x* —13x" +36 = (x* - 4)(x* - 9)
This can be factored further. Both x* — 4 and x* — 9 are difference of squares.
(= 4)(x* = 9)=| (=) - ()" || (=)' - (3)]
= (x + 2)(x - 2)(x + 3)(x - 3)
So, x* —13x> +36 = (x + 2)(x - 2)(x + 3)(x - 3)

a* —17a*> +16
The first term is a perfect square since a* = (a2 )(a2 )

The third term is a perfect square since 16 = (4)(4)

The second term is not twice the product of * and 4 so the trinomial is not a perfect
square.

So, I’ll factor by decomposition.

Since the 3rd term in the trinomial is positive, the operations in the binomial factors will
be the same. Since the second term is negative, these operations will be subtraction.

The two binomials will have the form: (? at - ?)(? at - ?)

The product of the coefficient of ¢* and the constant term is: (1)(16) = 16
Write —174* as a sum of two terms whose coefficients have a product of 16.
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Factors of 16 Sum of Factors
-1,-16 -1-16=-17

The two coefficients are —1 and —16, so write the trinomial a* — 174> +16 as

a* —a> -16a’ +16 .

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
a* —a* —16a’ +16

=4’ (a2 - 1) - 16(a2 — 1) Remove the common binomial factor.

= (a2 —1)(a2 - 16)
So, a* —174* +16 = (a2 - 1)(a2 —16)

This can be factored further. Both a* — 1 and &® — 16 are difference of squares.

(@ =1)(a* = 16)=[(a)" = (1)’ |[ () - (4)"]
= (a + 1)(a - 1)(a + 4)(a - 4)

So, a* —17a*> +16 = (a+1)(a—1)(a+4)(a—4)

o y' -5y +4
The first term is a perfect square since y* = ( y )( ¥ )

The third term is a perfect square since 4 = (2)(2)

The second term is not twice the product of y* and 2 so the trinomial is not a perfect
square.

So, I’'ll factor by decomposition.

Since the 3rd term in the trinomial is positive, the operations in the binomial factors will
be the same. Since the second term is negative, these operations will be subtraction.

The two binomials will have the form: (? - ?)(? - ?)

The product of the coefficient of y* and the constant term is: (1)(4) = 4
Write —5)” as a sum of two terms whose coefficients have a product of 4.

Factors of 4 Sum of Factors
-1, 4 -1-4=-5

The two coefficients are —1 and —4, so write the trinomial y* —5)y” +4 as

Y=y —4y" +4 .

Remove a common factor from the 1st pair of terms, and from the 2nd pair of terms:
yi-yi -4yt 14

= y2 ( y2 - 1) - 4( y2 - 1) Remove the common binomial factor.

=(7 =) -4)
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21. a)

b)

©)

d)

So, y* =5y" +4 = (3" —1)(y* - 4)
This can be factored further. Both y* — 1 and y* — 4 are difference of squares.

(v =) = 4)=[ ) - ) - )]
=+ =Dy +2)(r-2)

So, y* =5y +4 = (y + 1)(y - 1)(y + 2)(y - 2)
8d* — 3267 Remove the common factor, 8.
8d* —32¢" =8(d’ - 4¢’)
d’ — 4e” is a difference of squares.
8d” —32¢" =8((d)" - (2¢)’)

= 8(d + 2e)(d - 2e)

25m* — %nz This is a difference of squares.

18x?y* — 50y* Remove the common factor, 2)°.
18x°y* = 50y" =2y’ (9x2 - 25y2)

9x* — 25y° is a difference of squares.

18x°y* — 50y* =27 ((3x)2 - (Sy)z)

=2y*(3x +5y)(3x - 5y)

25s% + 49¢

This binomial cannot be factored because it is a sum of squares and not a difference of
squares.

104> — 76
This binomial is a difference of squares but it cannot be factored over whole numbers
because the coefficients of a and b are not perfect squares.
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f) Xy This is a difference of squares.
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Review

3.1

1. Use a calculator and repeated division by prime factors.

a)

b)

d)

594 +2 =297

297+3=99

99+3=33

33+3=11

I1=11=1
So,594=2-3-3-3-11
Using powers: 594=2-3-11

2100 +2 =1050

1050 +2 =525

525+3=175

175+5=35

35+5=7

7+7=1
So,2100=2-2-3-5-5-7
Using powers: 2100 =23 - 5% 7

4875 +3 =1625

1625 +5 =325

325+5=65

65+5=13

13+13=1
So,4875=3-5-5-5-13
Using powers: 4875=3-5-13

9009 + 3 =3003

3003 +3=1001

1001 +7=143

143+11=13

13+13=1
So0,9009=3-3-7-11-13

Using powers: 9009 =3*-7-11-13

2. Write the prime factorization of each number.
Highlight the factors that appear in each prime factorization.

a)

b)

Review

120=2-2-2-3-5
160=2-2-2-2-2-5§
180=2-2-3-3-5

The greatest common factoris: 2 -2 - 5=20

245=5-7-7

280=2-2-2-5-7

385=5-7-11

The greatest common factor is: 5 - 7 =35
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¢) 176=2-2-2-2-11

d)

1
320=2-2-2-2-2-2-5
368=2-2-2-2-23
The greatest common factoris: 2-2-2-2=16

484=2-2-11-11
496=2-2-2-2-31
884=2-2-13-17

The greatest common factoris: 2 -2 =4

Write the prime factorization of each number. Highlight the greatest power of each prime

factor in any list. The least common multiple is the product of the greatest power of each
prime factor:

3.
a)
b)
c)
Review

70=2-5-7
90=2-3-3-5
140=2-2-5-7

The greatest power of 2 in any list is: 2 - 2 = 2°

The greatest power of 3 in any list is: 3 - 3 =3

The greatest power of 5 in any list is 5.

The greatest power of 7 in any list is 7.

The least common multiple is: 2> - 3% 5+ 7 = 1260

So, the least common multiple of 70, 90, and 140 is 1260.

120=2-2-2-3-5

130=2-5-13

309=3-103

The greatest power of 2 in any listis: 2 -2 -2 =2°

The greatest power of 3 in any list is: 3

The greatest power of 5 in any list is 5.

The greatest power of 13 in any list is 13.

The greatest power of 103 in any list is 103.

The least common multiple is: 2° - 3 - 5+ 13 - 103 = 160 680
So, the least common multiple of 120, 130, and 309 is 160 680.

200=2-2-2-5-5

250=2-5-5-5

500=2-2-5-5-5

The greatest power of 2 in any list is: 2 - 2 - 2 =27

The greatest power of 5 in any listis: 55 -5 =5

The least common multiple is: 2* - 5° = 1000

So, the least common multiple of 200, 250, and 500 is 1000.
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d 180=2-2-3-3-5
240=2-2-2-2-3-5
340=2-2-5-17
The greatest power of 2 in any listis: 2-2-2-2=2*
The greatest power of 3 in any list is: 3 - 3 = 37
The greatest power of 5 in any list is: 5
The greatest power of 17 in any list is: 17
The least common multiple is: 2* - 3+ 5 - 17 = 12 240
So, the least common multiple of 180, 240, and 340 is 12 240.

4. The least number of beads on any strand is 1 more than the least common multiple of 6, 4,
and 10.
Factor each number.

6=2-3
4=2-2
10=2-5

The least common multiple of 6, 4, and 10is: 2-2 -3 -5=60
So, the least number of beads on each strand is 61.

5. For parts a, b, and ¢, a fraction is simplified when its numerator and denominator have no
common factors. So, divide the numerator and denominator of each fraction by their greatest
common factor.

1015
a) ——

1305

Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.

1015=5-7-29

1305=3-3-5-29

The greatest common factor is: 5 - 29 = 145

1015 _ 1015 +145

1305 1305 +145

:Z
9
2475

3825
Write the prime factorization of the numerator and of the denominator.
Highlight the prime factors that appear in both lists.
2475=3-3-5-5-11
3825=3-3-5-5-17
The greatest common factoris: 3-3-5-5=225
2475 _ 2475 + 225
3825 3825 +225

_ 1

17

b)
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6656

7680
Write the prime factorization of the numerator and of the denominator.

Highlight the prime factors that appear in both lists.
6656=2-2-2-22-2-2-2-2-13
7680=2-2-2-2-2-2-2-2-2-3-5
The greatest common factoris: 2-2-2:2-2-2-2-2-2=512
6656 _ 6656 + 512
7680 7680 + 512

_ B

15

©)

For parts d, e, and f, add, divide, or subtract fractions with a common denominator by adding,
dividing, or subtracting their numerators. So, write the fractions in each part with
denominator equal to the least common multiple of the original denominators.

7 15
d —+—

36 64

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.
36=2-2-3-3
64=2-2-2-2-2-2
The least common multiple is: 2° - 3* = 576
7 15 112 | 135
36 64 576 576

_ 1124135
576
_ 247
576
5.3
e) — = —
) 973

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.
9=3-3
4=2-2
The least common multiple is: 3 - 2% = 36
5 .3 _20 27

9 4 36 36
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28 12
D 138 " 160

Both fractions can be simplified before they are subtracted.

28 . ..
For — , the numerator and denominator have a common factor of 4, so divide
. 7
numerator and denominator by 4 to get v
12 . ..
For 160" the numerator and denominator have a common factor of 4, so divide

numerator and denominator by 4 to get % .

The expression becomes: l - i
32 40

Write the prime factorization of the denominators.
Highlight the greatest power of each prime factor in either list.
32=2-2-2-2-2
40=2-2-2-5
The least common multiple is: 2° - 5 = 160
7 3 35 12

3.2

6. Determine the prime factors of each area. If the factors can be arranged in 2 equal groups,
then the area is a perfect square. The side length of the square is the square root of the

area.

a) 784=2-2-2-2-7-7
=2-2-72-2-7) This is a perfect square.
=28 28

So, V784 =28

The side length of the square is 28 in.
2 ) This is a perfect square.

So, v1024 =32

The side length of the square is 32 cm.

7. Determine the prime factors of each volume. If the factors can be arranged in 3 equal groups,
then the volume is a perfect cube. The edge length of the cube is the cube root of the
volume.

a) 1728=2-2-2-2-2-2-3-3-3

(2-2-3)2-2-3)2-2-3)

12-12-12
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So, /1728 =12

The edge length of the cube is 12 cm.

b) 2744=2-2-2-7-7-17
=212 N2
=14-14- 14

So, 2744 = 14

The edge length of the cube is 14 ft.

8. Write each number as a product of its prime factors. If the factors can be arranged in 2 equal
groups, then the number is a perfect square. If the factors can be arranged in 3 equal groups,
then the number is a perfect cube.

a) 256=2-2-2-2-2-2-2-2
=2-2:-2-2)2-2-2-2)
=16-16
The factors can be arranged in 2 equal groups, so 256 is a perfect square.

256 =16

b) 324=2-2-3-3-3-3
=2-3-3)2-3-3)
=18 18
The factors can be arranged in 2 equal groups, so 324 is a perfect square.

V324 =18

¢) 729=3-3-3-3-3-3
=(3-3-3)3-3-3),0r27-27
=3-3)3-3)3-3),0r9:9-9
The factors can be arranged in 2 equal groups and 3 equal groups, so 729 is both a perfect
square and a perfect cube.

729 =27
729 =9

d) 1298=2-11-59
The factors cannot be arranged in 2 equal groups or 3 equal groups, so 1298 is neither a
perfect square nor a perfect cube.

e 1936=2-2-2-2-11-11
=2-2-1D)2-2-11)
=44 - 44
The factors can be arranged in 2 equal groups, so 1936 is a perfect square.

V1936 =44

f) 9261=3-3-3-7-7-7
=3-NB-NE-7
=21-21-21
The factors can be arranged 3 equal groups, so 9261 is a perfect cube.

/9261 =21
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9. The area of a square is 18 225 square feet.

10.

33

11.

The side length of the square is the square root of the area.
18225=3-3-3-3-3-3-5-5
=(3:3-3-5)(3:3-3-5)
=135-135

/18 225 =135

The side length of the square is 135 ft.
The perimeter of the square is: 4(135 ft.) = 540 ft.

The surface area of a cube is 11 616 cm>.

11616 cm = 1936

So, the area of one face of the cube is:

The edge length of the cube is the square root of the area of one face.
1936=2-2-2-2-11-11

=2-2-11)2-2-11)

=44 -44
So, V1936 =44

The edge length of the cube is 44 cm.

For each binomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product.
a) 8m=2-2-2-m

4m*=2-2-m-m

The greatest common factoris: 2 -2 - m = 4m

8m — 4m* = 4m(2) — 4m(m)

=4m(2 — m)

I could arrange algebra tiles as a rectangle; the rectangle would have length 2 — m and

width 4m. I would have to be careful with the signs of the factors because the rectangle

would show a width of —4m.

b) 3=3
9¢’=3-3-g'g
The greatest common factor is: 3
-3 +9¢° =3(-1) +3(3¢")
=3(-1+3g%) Remove —1 as a common factor.
=-3(1 -3g%)
I could arrange algebra tiles into equal groups. There would be 3 equal groups with 1
negative 1-tile and 3 g*-tiles in each group.

¢) 284°=2-2-7-a-a
Ta*=7-a-a-a
The greatest common factor is: 7 - a - a = 7’
28a* — 7a° = Ta*(4) — Ta*(a)
=7a*(4 - a)
I could not use algebra tiles because I do not have an a’-tile.
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d) 6a’b°c=2-3-a-a-b-b-b-c

e)

15a°0°c*=3-5-a-a-b-b-c-c
The greatest common factoris: 3 -a-a-b-b-c=3a’b*c
6a’b’c — 15a°b*c* = 3a°b*c(2b) — 3a*b*c(5¢)
=3a’b’c(2b - 5¢)
I could not use algebra tiles because I do not have tiles for terms with more than one
variable.

24m'n=2-2-2-3-m-m-n

6mn°=2-3-m-n-n

The greatest common factoris: 2 -3 - m - n = 6mn

—24m’n — 6mn” = 6mn(—4m) + 6mn(—n)
= 6mn(—4m — n) Remove —1 as a common factor.
=—6mn(4m + n)

I could not use algebra tiles because I do not have tiles for terms with more than one

variable.

146°c*=2-7-b-b-b-c-c
21a’b*=3-7-a-a-a-b-b
The greatest common factor is: 7 - b - b= 7b
14b°c¢* — 21a°b* = TH*(2bc?) — TH*(3a°)
=7b*(2bc* - 3a°)
I could not use algebra tiles because I do not have tiles for terms with more than one
variable.

12. For each trinomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the
distributive property to write the expression as a product. Expand to verify.

a)

b)

Review

12=2-2-3
6g=2-3-g
3¢°=3-g-g

The greatest common factor is: 3
12+ 6g - 3g" = 3(4) + 3(2g) - 3(¢°)

=3(4+22-¢)
Check: 3(4 +2g — g%) = 3(4) + 3(2g) - 3(2")
=12+6g-3g
3¢d=3-c-c-d
10cd=2-5-¢c-d
2d=2-d

The greatest common factor is: d
3¢*d — 10cd — 2d = d(3¢*) — d(10¢) — d(2)
=d(3c*— 10c - 2)
Check: d(3¢* — 10c — 2) = d(3¢%) — d(10¢) — d(2)
=3c*d —10cd — 2d

8mn’=2-2-
2mn=2-2-3 -m-
16mn=2-2-2-2-m-m-n

The greatest common factoris: 2 -2 - m - n=4mn
8mn” — 12mn — 16m*n = 4mn(2n) — 4mn(3) — 4mn(4m)

2m-n-n
3-m-n
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=4mn(2n -3 —4m)
Check: 4mn(2n — 3 — 4m) = 4mn(2n) — 4mn(3) — 4mn(4m)
= 8mn” — 12mn — 16mn

d »y =yyyy
12y =2-2-3-
24y=2-2-2"- 3 y
The greatest common factor is: y
¥ =127 + 24y =3(°) —3(12y) +3(24)

=y(° — 12y + 24)
Check: y()* — 12y + 24) = y(,°) — p(12y) + y(24)
=y'—12)* + 24y

e) 30x’y=2-3-5-x-x"y
20x2y2 2:2-5-xx'y'y
10y =2-5-x"x x-y-y
The greatest common factor is: 2 5+ x - x - y = 10x’y
30x%y — 200%)” + 10x°y” = 10x*p(3) — 10x*1(2y) + 10x*p(xy)
= 10x*y(3 — 2y + x)
Check: 10x*y(3 — 2y + xy) = 10x*y(3) — 10x*¥(2y) + 10x*y(xy)
=30x"y — 20x°y” + 10x°y*

f) 8°=2-2-2-b-b-b
200°=2-2-5-b-b
4b=2-2-b
The greatest common factoris: 2 -2 -b=4b
—8b° + 20b* — 4b = 4b(-2b%) + 4b(5b) + 4b(-1)

=4b(-2b* +5b— 1) Remove —1 as a common factor.

=—4b(2b* - 5b+ 1)
Check: —4b(2b* — 5b + 1) = —4b(2b%) — 4b(—5b) — 4b(1)
=_8b° + 20b” — 4b

13. For each polynomial, factor each term then identify the greatest common factor. Write each
term as the product of the greatest common factor and another monomial. Then use the

distributive property to write the expression as a product. Expand to verify.

a) 8x'=2-2-2-x"x
12x=2-2-3-x
The greatest common factor is: 2 - 2 - x = 4x
8x% — 12x = 4x(2x) — 4x(3)

=4x(2x —3)
Check: 4x(2x — 3) = 4x(2x) — 4x(3)
=8x* — 12x

b) 3)°=3-y-y-y
120°=2-2-3-yp-y
15y=3-5-y
The greatest common factor is: 3 - y = 3y
3y° — 120" + 15y = 3p(%) — 31(4y) + 39(5)
=3y(y° — 4y +5)
Check: 3y(y* — 4y + 5) = 3y(»%) — 31(4y) + 31(5)
= 3y3 - 12y2 + 15y

Review E= Copyright © 2011 Pearson Canada Inc.

148



Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
¢) 4°=2-2-b-b-b

d)

14. a)

b)

34

15. a)

b)

d)

Review

2b=2-b
6b>=2-3-b-b
The greatest common factor is: 2 - b =2b
4b* — 2b — 6b* = 2b(2b%) — 2b(1) — 2b(3b)
=2b(2b* — 1 —3b)
Check: 2b(2b* — 1 — 3b) = 2b(2b%) — 2b(1) — 2b(3b)
=4b’ —2b — 6b

The greatest common factoris: 2 - 3 - m = 6m
6m® — 12m — 24m* = 6m(m*) — 6m(2) — 6m(4m)
= 6m(m* -2 — 4m)
Check: 6m(m* — 2 — 4m) = 6m(m*) — 6m(2) — 6m(4m)
=6m’ — 12m — 24m’

Look at the trinomial factor. Each term contains ¢, so the common factor of the given
trinomial is 5¢. Remove ¢ from each term in the trinomial factor. The correct solution is:

15p2q + 25pq2 - 35q3 = 5q(3p2 + 5pg — 7q2)

The common factor, —3, is correct, but it was not removed from the 2nd and 3rd terms of
the given trinomial. Remove —3 from these terms. Also, when —3 was removed from the
first term of the given trinomial, the sign should have been changed. The correct solution
is:

—12mn + 15m* + 18n* = —=3(4mn — 5Sm* — 6n°)

Try to arrange 1 x’-tile, 8 x-tiles, and twelve 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 x’-tile, 7 x-tiles, and ten 1-tiles in a rectangle. A rectangle is possible.

Try to arrange 1 x’-tile, 4 x-tiles, and one 1-tile in a rectangle. A rectangle is not
possible.

Try to arrange 1 x’-tile, 8 x-tiles, and fifteen 1-tiles in a rectangle. A rectangle is
possible.
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16. a) Try to arrange 2 k’-tiles, 3 k-tiles, and two 1-tiles in a rectangle. A rectangle is not
possible.

b) Try to arrange 3 g’-tiles, 4 g-tiles, and one 1-tile in a rectangle. A rectangle is possible.

¢) Try to arrange 2 £-tiles, 7 t-tiles, and six 1-tiles in a rectangle. A rectangle is possible.

d) Try to arrange 7 h’-tiles, 5 h-tiles, and one 1-tile in a rectangle. A rectangle is not
possible.

17. Since the number of 1-tiles is a prime number, these tiles can only be arranged in a row of 5.
Arrange the tiles this way, at the bottom right corner of the x*-tile. Complete a rectangle by
adding x-tiles. Six x-tiles are needed.

3.5

18. Use the distributive property to expand. Draw a rectangle and label its sides with the binomial
factors. Divide the rectangle into 4 smaller rectangles, and label each with a term in the
expansion.

a) (g+5)(g-H=gg-4H+t5@g-4)
=g’ —4g+5g-20

=g +g-20
9 -4
g| (@g)=g’ (9)(-4) = -4g
5 (5)(9) =59 (5)(-4) =-20

b) (h+T)h+T)=h(h+7)+7(h+7)

=l +Th+7Th+49
=1+ 14h + 49
h 7
hl  (hh) = b’ (h)7)=7h
7 (7)(h) =7h (7)(7) = 49

¢) (k—4)(k+11)=k(k+11)—4(k+11)
=Ii>+ 11k — 4k — 44
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=i’ +Tk—44

k

11

(K)(k) = K*

(k)(11) =11k

(A (k) = -4k

(=4)(11) = -44

d) (9+5)9—s5)=9(9—s)+s9—5)

[

=81 —9s+9s5—s°
=81 -
9 -s
(9)(9) = 81 (9)(=s) = -9s
(s)(9) = 9s (s)(=s) = —s?

e) (12-nN(12-9H=12(12-0)—«12—1%)
=144 — 12t - 12t + ¢

12

12

=144 — 24t + 7
-t

(12)(12) =144

(12)(-t) =12t

-t)(12) =12t

O =1

H T+r6-—r)=T7(6—-—r)+r6-")

<

=42 - Tr+6r—r
=42 —r—71°
6 -r
(7)(6) = 42 (N =-7r
(r)(6) = 6r (N =-r?

g (-3 -1D)=)yp-1D)-3@-11)
=y —11y—-3y+33

=)’ — 14y +33
y -1
W) =y? WE11) =11y
(=3)(y) =-3y (=3)(-11) =33

h) (x—5)x+5)=x(x+5)-5x+5)
=x>+5x—5x—25

Review
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=x*-25
X 5
x )x) = x2 (x)(5) = 5x
-5 (=5)(x) = -5x (-5)(5) =-25

19. For each trinomial, use mental math to find two numbers whose sum is equal to the
coefficient of the middle term and whose product is equal to the constant term. These
numbers are the constants in the binomial factors.

a)

b)

©)

d)

Review

qz +6g+8
Since all the terms are positive, consider only positive factors of §.
The factors of 8 are: 1 and 8; 2 and 4
The two factors with a sum of 6 are 2 and 4.
So,q* +6q+8=(q+2)(g+4)
Check by expanding.
(@+2)(g+t4)=qg+4)+2q+4)
=q*+4q+2g+8
=¢ +6q+8

n’> —4n—45
The factors of —45 are: 1 and —45; -1 and 45; 3 and —15; -3 and 15; 5 and -9; -5 and 9
The two factors with a sum of —4 are 5 and -9.
So, n* —4n—45=(n+5)(n-9)
Check by expanding.
n+5m-9)=nn-9)+5n-9)
=n’—9n+5n—45
=n’—4n—45

54— 155 +5°

Since the constant term is positive, the two numbers in the binomials have the same sign.
Since the coefficient of s is negative, both numbers are negative. So, list only the
negative factors of 54.

The negative factors of 54 are: —1 and —54; -2 and —27; —3 and —18; —6 and -9

The two factors with a sum of —15 are —6 and —9.

S0, 54 — 155 + 5> = (-6 + 5)(-9 + 5)

Multiply each binomial by —1; which is the same as multiplying their product by 1, so its
value is not changed.

So, the factors can be written as: (6 —s5)(9 — )

Check by expanding.

(6-5)9—-5)=6(9—15)—5(9-19)
=54 —65—9s + 5
=54 155+

I — 9k —90

The factors of —90 are: 1 and —90; —1 and 90; 2 and —45; -2 and 45; 3 and —30; —3 and 30;
5and —18; -5 and 18; 6 and —15; —6 and 15; 9 and —10; -9 and 10

The two factors with a sum of -9 are 6 and —15.

So, K — 9%k — 90 = (k + 6)(k — 15)

Check by expanding.
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(k + 6)(k — 15) = k(k — 15) + 6(k — 15)
=2~ 15k + 6k—90
=k - 990

e) x*—x-20

The factors of —20 are: 1 and —20; —1 and 20; 2 and —10; -2 and 10; 4 and —5; —4 and 5
The two factors with a sum of —1 are 4 and 5.
So,x* —x—20=(x+4)(x—5)

Check by expanding.

x+4Hx-5)=x(x—-5)+4(x-5)
=x"—5x+4x-20
=x"—x-20

12 -7y +y*

Since the constant term is positive, the two numbers in the binomials have the same sign.
Since the coefficient of y is negative, both numbers are negative. So, list only the
negative factors of 12.

The negative factors of 12 are: —1 and —12; -2 and —6; -3 and —4

The two factors with a sum of —7 are —3 and —4.

S0, 12Ty +)* = (-3 +y)(-4+y)

Multiply each binomial by —1; which is the same as multiplying their product by 1, so its
value is not changed.

So, the factors can be written as: (3 — y)(4 —y)

Check by expanding.

B-»N@E-y)=3(4-y)-14-y)
=12-3y—4y+)’
=12-Ty+y’

20. For each trinomial, use mental math to find two numbers whose sum is equal to the
coefficient of the middle term and whose product is equal to the constant term. These
numbers are the constants in the binomial factors.

a)

i) m*+Tm + 12
Since all the terms are positive, consider only positive factors of 12.
The factors of 12 are: 1 and 12; 2 and 6; 3 and 4
The two factors with a sum of 7 are 3 and 4.
So, m* + Tm+ 12 = (m + 3)(m + 4)

a) ii) m*+ 8m + 12

Use the factors of 12 from part i.
The two factors with a sum of 8 are 2 and 6.
So, m* + 8m + 12 = (m + 2)(m + 6)

a) iii) m*+ 13m + 12

a)

Review

Use the factors of 12 from part i.
The two factors with a sum of 13 are 1 and 12.
So, m* + 13m + 12 = (m + 1)(m + 12)

iv) m*—Tm+ 12

Since the constant term is positive, the two numbers in the binomials have the
same sign. Since the coefficient of m is negative, both numbers are negative. So,
list only the negative factors of 12.
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b)

21. a)

b)

c)

3.6

22, a)

b)

Review

The negative factors of 12 are: —1 and —12; -2 and —6; -3 and —4
The two factors with a sum of —7 are —3 and 4.
So, m* = Tm + 12 = (m — 3)(m — 4)

V) m’ —8m + 12
Use the factors of 12 from part iv.
The two factors with a sum of —8 are —2 and —6.
So, m* —8m + 12 = (m — 2)(m — 6)

vi) m*—13m+ 12
Use the factors of 12 from part iv.
The two factors with a sum of —13 are —1 and —12.
So, m* = 13m+ 12 = (m — 1)(m — 12)

There are no more trinomials that begin with m?, end in +12, and can be factored. In part
a, there are only 6 pairs of factors of 12. All these pairs have already been used to factor
the 6 trinomials in part a.

The constant terms in the binomials have a sum of 12 and a product of 27. Their sum
should be —12. So, these constant terms should be —3 and —9. The correct solution is:
W —12u+27=(u-3)u—-9)

The constant terms in the binomials have a sum of 1 and a product of —20. Their sum
should be —1. So, these constant terms should be 4 and —5. The correct solution is:
V—v=20=(v+4)(v-5)

The constant terms in the binomials have a sum of 10 and a product of 24. Their product
should be —24. So, the constant terms have opposite signs; they are factors of —24 with a
sum of 10. The factors are —2 and 12. The correct solution is:

W+ 10w —24 = (w—2)(w+ 12)

(h+4)(2h+2)

Use algebra tiles.

Make a rectangle with dimensions /4 + 4 and 2/ + 2.
Place tiles to represent each dimension,

then fill the rectangle with tiles.

The tiles that form the product represent 2h*> + 10k + 8.

So, (h+4)(2h+2) =2h* +10h +8

(j+5)(3j+1)

Use algebra tiles.

Make a rectangle with dimensions j + 5 and 3; + 1.
Place tiles to represent each dimension,

then fill the rectangle with tiles.

The tiles that form the product represent 3> + 16/ + 5.
So, (j+5)(3j+1) =3/° +16j +5
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¢) (3k+2)(2k+1)

Use algebra tiles.

Make a rectangle with dimensions 3k + 2 and 2k + 1.
Place tiles to represent each dimension,

then fill the rectangle with tiles.

The tiles that form the product represent 6k + 7k + 2.
So, (3k +2)(2k +1) = 6k + Tk + 2

d) (4m + 1)(2m + 3)

Use algebra tiles.

Make a rectangle with dimensions 4m + 1 and 2m + 3.
Place tiles to represent each dimension,

then fill the rectangle with tiles.

The tiles that form the product represent 8m° + 14m + 3.
So, (4m +1)(2m +3) = 8m* +14m + 3

23. a) i) There are 2 x’-tiles, 5 x-tiles, and 3 unit tiles.
So, the algebra tiles represent the trinomial: 2x* + 5x + 3

ii) I arranged the tiles to form a rectangle:

iii) I can use the rectangle to factor the trinomial.
The rectangle has side lengths 2x + 3 and x + 1.

So, 2x* +5x +3=(2x +3)(x +1)

b) i) There are 3 x’-tiles, 10 x-tiles, and 8 unit tiles.
So, the algebra tiles represent the trinomial: 3x* + 10x + 8

ii) I arranged the tiles to form a rectangle:

iii) I can use the rectangle to factor the trinomial.
The rectangle has side lengths 3x + 4 and x + 2.

So, 3x” +10x + 8 = (3x + 4)(x + 2)

24. Use the distributive property to expand. Draw a rectangle and label its sides with the binomial
factors. Divide the rectangle into 4 smaller rectangles, and label each with a term in the
expansion.

a) 2r+7)@Br+5=2rr+5)+73r+5)
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=6r° + 107+ 217+ 35
=6r°+31r+35

3r 5

2r| (2030 =6r? @2n(5) = 10r

~

(7)(3n) = 21r (7)(5) =35

b) Oy+DE-9=Pr-9)+1(1-9)
=9y —8ly+y—9
=9)* 80y —9

y -9

Wl Oy =9° (9y)(-9) =-81y

—_

My =y (1(-9)=-9

¢) (2a-T7)2a-6)=2a(2a—6)—72a - 6)
=4a> — 12a — 14a + 42
=44’ - 26a + 42

2a -6

2a| (2a)a)=4a®> | (2a)(-6)=-12a

7| 7)(2a) =-14a (-7)(-6) = 42

d BGw-2)Bw-1)=3w(@Bw-1)-2@w-1)
=9’ —3w—6w+2
=0’ — 9w +2

e) (Ap+5@Ap+5=4pdp+5)+5(@p+5)
= 16p> +20p + 20p + 25
= 16p* + 40p + 25
4p 5
4p| (4p)(ap)=16p> | (4p)(5)=20p
5[ (5)(4p) = 20p (5)(5) =25
Review E= Copyright © 2011 Pearson Canada Inc.
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Bw)Bw) = IW?

(Bw)(-1) =-3w

(-2)(3w) = -bw
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) v+ DEy-D=pBy-D+1(By-1)
=3)"+y-3y—1
=3)"—2y—1

-3y -1

| (93 =3y D=y

—_

(ME3y) =3y MEN=-1

25. Factor by decomposition. For each trinomial, write the middle term as the sum of two terms
whose coefficients have a product equal to the product of the coefficient of the 1% term and
the constant term. Remove common factors from the 1% two terms and from the last two
terms, then remove a binomial as a common factor.

a) 4KX—Tk+3
The product is: 3(4) =12
Consider only the negative factors of 12 because the k-term is negative and the constant
term is positive.
The negative factors of 12 are: —1 and —12; -2 and —6; -3 and —4
The factors with a sum of —7 are —3 and —4.
So, 4i° — Tk +3 = 4k — 3k — 4k +3
=k(4k—3)— 1(4k-3)

= (4k - 3)(k—1)

Check: (4k — 3)(k— 1) = 4k(k— 1) = 3(k— 1)
= 4K — 4k — 3k +3
=4k — Tk +3

b) 6¢*—13¢—5
The product is: 6(-5) =-30
The factors of —30 are: 1 and —30; —1 and 30; 2 and —15; -2 and 15; 3 and —10; —3 and 10;
5and —6; -5 and 6
The two factors with a sum of —13 are: 2 and —15
So, 6¢° — 13¢—5=6¢>+2c— 15¢ -5
=2¢(3c+1)-5Bc+1)
=QBc+1)2c-5)
Check: 3¢+ 1)2c—5)=3c¢(2c - 5)+ 1(2c-5)
=6¢*—15¢+2c-5
=6¢"—13¢—5

¢) 4b°—5b—-6
The product is: 4(-6) = —24
The factors of —24 are: 1 and —24; —1 and 24; 2 and —12; -2 and 12; 3 and —8; -3 and §;
4 and —6; —4 and 6
The two factors with a sum of -5 are: 3 and —8
So, 4b*> —5h—6=4b"+3b—8b—6
=b(4b + 3)—2(4b + 3)
=4b+3)b-2)
Check: (4b +3)(b—2)=4b(b—-2) +3(b-2)
=4b°—8h+3b—6
=4p* - 5b—6
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d) 64°-3la+5

26. a)

Review

The product is: 6(5) =30
Consider only the negative factors of 30 because the a-term is negative and the constant
term is positive.
The negative factors of 30 are: —1 and —30; -2 and —15; —3 and —10; -5 and —6
The factors with a sum of —31 are —1 and —30.
So, 6a” ~3la+5=6a"—la—30a+5
=a(ba—1)—5(6a-1)
=(6a—1)a->5)

Check: (6a—1)(a—-5)=6a(a—5)—1(a—5)

=64’ —30a—la+5

=6a>-3la+5

28x% + 9x — 4

The product is: 28(—4) =-112

The factors of —112 are: 1 and —112; —1 and 112; 2 and —56; 4 and —28; —4 and 28;

7 and —16; —7 and 16; 8 and —14; -8 and 14

The two factors with a sum of 9 are: —7 and 16

S0, 28x” + 9x — 4 =28x" — Tx + 16x — 4

=Tx(4x—1)+4(4x-1)
=@x-1)(7x+4)

Check: (4x—1)(7x+4)=4x(Tx +4)— 1(7Tx + 4)
=28x"+ 16x—Tx — 4
=28x" + 9x — 4

21x% + 8x — 4
The product is: 21(—4) = -84
The factors of —84 are: 1 and —84; —1 and 84; 2 and —42; —2 and 42; 3 and -28; -3 and 28;
4 and -21;-21 and 4; 6 and —14; -6 and 14; 7 and —12; —7 and 12
The two factors with a sum of 8 are: —6 and 14
S0, 21x* + 8x — 4 =21x" — 6x + 14x — 4
=3x(7x—-2)+2(7x-2)
=(Tx-2)(3x+2)

Check: (7x —2)(3x +2)=T7x(3x +2)—2(3x + 2)

=21+ 14x —6x— 4

=21x"+ 8x— 4

6m* + 5m —21 = (6m — 20)(m + 1)
Consider how the mistake might have been made.
The product of the constant terms in the binomial factors is not correct.
These terms must have a product of —21, so try —21 and 1.
(6m—21)(m+1)=6m(m+1)—-21(m + 1)

=6m’ +6m—21m —21

=6m’ —15m — 21
This does not match the given trinomial.
Try transposing the constant terms in the binomial factors.
(6m—1)(m +21)=6m(m + 21) — 1(m + 21)

= 6m’ + 126m — 1m — 21

= 6m" + 125m — 21
This does not match the given trinomial.
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b)

Review

Try transposing the signs in the binomial factors: (6m + 1)(m — 21)
The trinomial will be 6m” — 125m — 21. This does not match the given trinomial.
So, factor the trinomial by decomposition.
The product is: 6(-21) =—-126
The factors of —126 are: 1 and —126; —1 and 126; 2 and —63; -2 and 63; 3 and —42;
-3 and 42; 6 and -21; 21 and 6; 7 and —18; —7 and 18; 9 and —14; -9 and 14
The two factors with a sum of 5 are: -9 and 14
So, 6m” + 5m — 21 = 6m® — 9m + 14m — 21
=3m(2m—-3)+72m-3)
=2m-3)3m+7) <«These factors are correct.

120 = 17n—5=(4n— 1)(3n + 5)
The product of the constant terms is correct.
Try transposing the constant terms in the binomial factors.
(4n-5)@Brn+1)=4n(Bn+1)-5GBn+1)

=12 +4n—15n-5

=12n"~1ln-5
This does not match the given trinomial.
Try transposing the signs in the binomial factors.
(4n+1)Bn-5)=4n(3n—-5)+1(3n-5)

=121~ 20n+3n-5

=12n" ~17n-5
This matches the given trinomial, so the correct factors are: (4n + 1)(3n —5)
Alternative solution:
Expand the given binomial factors.
(4n—1)Br+5)=4n3n+5)—13n+5)

=12n" +20n-3n-5

=12n°+17n-5
Compare this trinomial with the given trinomial. The only difference is the sign of the
middle term. So, transpose the signs in the binomial factors.
(4n+1)Bn-5)=4n(3n—-5)+1(3n-5)

=12n"-20n+3n-5

=12n°~17n-5
This matches the given trinomial, so the correct factors are: (4n + 1)(3n —5)

20p° —9p —20=(4p + 4)(5p - 5)
The product of the constant terms is correct.
Try transposing the constant terms in the binomial factors.
(4p +5)(5p—4) =4p(5p—4) +5(5p - 4)
=20p* — 16p + 25p — 20
=20p* +9p — 20
Compare this trinomial with the given trinomial. The only difference is the sign of the
middle term. So, transpose the signs in the binomial factors.
(4p—5)5p+4)=4p(5p +4)—5(5p +4)
=20p” + 16p —25p — 20
=20p> —9p — 20
This matches the given trinomial, so the correct factors are: (4p — 5)(5p + 4)
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3.7
27.3) (c+1)(c*+3c+2)
2

(
(e

=c +3% +2c+c*+ 3¢c+2 Collect like terms.

=clc +3c+2)+1(c2+3c+2)

=c )+c3c (2)+c2+3c+2

= +37+c +2c+3¢+2 Combine like terms.

=c* +4c* +5¢+2

To check, substitute ¢ = 2 into the trinomial product and its simplification.

(c+1)(c2 +3c+2)=c3 +4c% +5¢+2
Left side: (c+1)(c” +3c+2)=(2+1)(2° +3(2)+2)
=3(4+6+2)
=3(12)
=36
Right side: ¢* +4c® +5¢+2 =2 +4(2)" +5(2)+2
=8+16+10+2
=36

Since the left side equals the right side, the product is likely correct.

b) (5-4r)(6+3r-2)
=5(6+3r —2r*) - 4r(6 + 3r — 217
=5(6) +5(3r) + 5(-2r7) - 4r(6) — 4r(3r) — 4r(-2r)
=30+ 15 — 1017 — 24r —12/% + 8 Collect like terms.

=8 —10r* — 127 +15r = 24r + 30 Combine like terms.
=8 —22r —9r + 30

To check, substitute » = 2 into the trinomial product and its simplification.

(5-4r)(6+3r —2r7) =8 — 221" - 9r + 30

Left side: (5 4r)(6+ 3 = 207 ) = (5-4(2))(6+3(2) -2(2)’)
=-3(6+6-8)
=-3(4)
=-12

Right side: 87° — 2277 — 9r + 30 =8(2)’ —22(2)" -9(2)+30
= 64-88—18+30
=-12

Since the left side equals the right side, the product is likely correct.
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o) (= +3j+1)(2j+11)

d)

Review

=— (2 +11)+3/(2/ +11) +1(2 +11)

= —j2(27) - (1) +3,(2)) + 3j(11) + 2/ + 11

=-27 =117+ 6> +33j+2j+11 Combine like terms.

=-27" =52 +35j+11

To check, substitute j = 2 into the trinomial product and its simplification.

(=77 +3j+1)(27 +11)==2;" =57 +35 +11

Left side: (—j*+ 3/ +1)(2j + 11):(—(2)2 +3(2)+1)(2(2)+11)
=(-4+6+1)(4+11)

(3)(15)

45

Right side: —2° — 5,2 + 35/ + 11=-2(2) =5(2)" +35(2) +11
=-16-20+70+11
=45

Since the left side equals the right side, the product is likely correct.

(3x7+ 7x +2)(2x - 3)
=3x" (2x — 3) + 7x(2x - 3) + 2(2x — 3)
=3x (Zx) +3x° (—3) + 7x(2x) + 7x(—3) + 2(2x) + 2(—3)
=6x" —9x” +14x* —2lx+4x -6 Combine like terms.
=6x +5x° —17x—6
To check, substitute x = 2 into the trinomial product and its simplification.
(357 + 7x +2)(2x = 3)= 6x" + 5x" = 17x - 6
Left side: (3x” + 7x + 2)(2x - 3)=(3(2)" +7(2) +2)(2(2)-3)
=(12+14+2)(1)
=28
Right side: 6x° + 5x* —17x — 6 =6(2)" +5(2) ~17(2) -6
=48+20-34-6
=28

Since the left side equals the right side, the product is likely correct.
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= 4m(4m - p) - p(4m - p)
m(4m) + 4m(—p) - p(4m) - p(—p)
=16m> — 4mp — 4mp + p* Combine like terms.

=16m*> —8mp + p’

)2

)(3g — 4h)

3g(3g — 4h) — 4h(3g — 4h)

= 3g(3g) + 3g(—4h) - 4h(3g) - 4h(—4h)

=9g* —12gh — 12gh + 16k’ Combine like terms.
=9g° — 24gh + 161’

b) (3g - 4h
(3g — 4h

c) (y—22)(y+z—2)
=y(y+z-2)-2z(y +2-2)
= y(y) + y(z) + y(—2) - ZZ(y) - ZZ(Z) - 2z(—2)
=y’ +yz -2y —2yz —2z2° +4z Collect like terms.
=y +yz—2yz-22"-2y +4z Combine like terms.
=y —yz-22" -2y +4z

d) (3c—4d)(7-6c+5d)
=3¢(7 - 6¢ +5d) —4d (7 — 6¢ +5d)
=3¢(7) + 3¢(-6¢) + 3c(5d ) — 4d (7) — 4d (—6¢) — 4d (5d)
=2lc —18¢* +15cd — 28d + 24cd — 20d° Collect like terms.
= —18¢* + 15¢d + 24cd —20d* + 21c — 28d Combine like terms.
= —18¢* +39¢cd — 20d* + 21c — 28d

29. a)
(m2 +3m + 2)(2m2 +m+ 5)
=m2(2m2 er+5)+3m(2m2 +m+5)+2(2m2 +m+5)
=m’ (2m2) +m’ (m) +m’ (5) + 3m(2m2) + 3m(m) + 3m(5) + 2(2m2) + 2(m) + 2(5)
=2m" +m’ +5m’ + 6m’ +3m’ +15m + 4m’ + 2m + 10 Collect like terms.

=2m* +m® + 6m> + 5m* + 3m® + 4m* +15m + 2m + 10 Combine like terms.

=2m* +7Tm’ + 2m*+ 17m + 10
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To check, substitute m = 2 into the trinomial product and its simplification.
(m* +3m +2)(2m* + m+5)=2m" + Tm’ +12m’ + 17m + 10

Leftside: (m? +3m +2)(2m” + m + 5) =| (2)" +3(2) + 2][2(2) + 2+ 5]
=(4+6+2)(8+7)
= (12)(15)
=180
Right side: 2m* + 7m* +12m*+ 17m +10=2(2)" + 7(2)" +12(2)" +17(2) + 10
=32+56+48+34+10

=180
Since the left side equals the right side, the product is likely correct.

b) (1-3x+2x7)(5+4x - x7)
=1(5+4x - x") = 3x(5+ 4x - x7) + 207 (5 + 4x - x7)
=54+4x—x"— 3x(5) — 3x(4x) - 3x(—x2) +2x° (5) +2x° (4x) +2x° (—xz)
=54+4x —x*—15x —12x* + 3%’ + 10x* + 8x* —2x*  Collect like terms.
=5+4x —15x —x*—12x* +10x* + 3x’ + 8x’ —2x*  Combine like terms.
=5—11x - 3x*+ 11x° - 2x*
To check, substitute x = 2 into the trinomial product and its simplification.
(1-3x+2x")(5+4x—x") =5 - 11y = 3x" + 11x’ - 2x*
Leftside: (1-3x +2x)(5+ 4x - x) [ 1-3(2) + 2(2)" [[ 5+ 4(2) - (2)']
=(1-6+38)(5+8-4)
=(3)(9)
=27
Right side:
5—1lx=3x"+11x° - 2x* =5-11(2) - 3(2)” +11(2)’ - 2(2)’
=5-22-12+88-32
=27
Since the left side equals the right side, the product is likely correct.
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)

(—2k* + 7k + 6)(3k” - 2k - 3)

= —2k7 (3k> — 2k — 3) + Tk(3k” - 2k — 3) + 6(3k> — 2k - 3)

= —2k7 (3k) = 27 (~2k) — 27 (=3) + Tk(3k? ) + Tk (=2k) + Tk(=3) + 6(3k* ) + 6(~2k) + 6(-3)
=—6k" + 4k + 6k + 21k° — 14k* — 21k + 18k* — 12k — 18 Collect like terms.

=—6k* + 4k + 21k + 6k —14k> + 18k* — 21k — 12k — 18 Combine like terms.
= —6k* + 25k + 10k — 33k — 18
To check, substitute ¢ = 2 into the trinomial product and its simplification.
(—2k% + 7k + 6)(3k” = 2k - 3) = - 6k* + 25k + 10k” - 33k — 18
Left side: (247 + 7k + 6)(3%° - 2k - 3) =[ 2(2)" +7(2) + 6 | 3(2) - 2(2) - 3]
=(-8+14+6)(12-4-3)
=(12)(5)
=60
Right side: —6k* + 25k° +10k>— 33k —18 =—6(2)" +25(2)’ +10(2)" —33(2) - 18
=96+ 200 + 40 — 66 — 18
=60
Since the left side equals the right side, the product is likely correct.

d) (-3-5h+20")(-1+h+7’)
==3(-1+h+h)=5h(-1+h+h)+ 207 (-1 +h+})
=3-3h-3h"+5h—5h* —5h> —2h* +2h° + 2h* Collect like terms.
=3—3h+5h—3h>—5h> —2h*> — 5K+ 21° + 21" Combine like terms.
=3 +2h —10hR* =3k + 2h*

To check, substitute # = 2 into the trinomial product and its simplification.
(-3-5h+20°)(=1+ h+ k) =3+2h—10k° = 3h" + 2h*
Leftside: (-3 = Sh+ 287 )(~1 + h+ i) =| 3= 5(2) + 2(2)" || -1+ 2+ (2)’]
=(-3-10+38)(1+4)
= (-5)(5)
=-25
Right side:
3+ 20— 1047 =31 + 2h* =3 +2(2) - 10(2)" - 3(2)" +2(2)’
=3+4-40-24+32

=-25
Since the left side equals the right side, the product is likely correct.
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30. a) (Sa+1)(4a+2)+(a—-5)(2a-1)

b)

31. a)

b)

3.8

32. a)

b)

Review

= 5a(4a + 2) + 1(4a + 2) + a(2a — 1) — 5(2a — 1)
=5a(4a)+5a(2) + 4a + 2+ a(2a) + a(-1) — 5(2a) — 5(-1)
=20a> +10a+4a+2+2a*—a—-10a+5 Collect like terms.
=20a> +2a* +10a+4a—-a—10a+2+5 Combine like terms.
=22a> +3a+7

(6c —2)(4c +2) —(c+7)

= (6c - 2)(4c + 2) —(c + 7)(c + 7)
=6c(4c+2)-2(4c+2)—c(c+7)=T(c+7)

= 6c(4c) + 6c(2) - 2(4c) - 2(2) - c(c) - c(7) - 7(c) - 7(7)
=24c¢* +12c -8 —4 —c* —Tc—Tc — 49 Collect like terms.
=24c" —c*+12c - 8¢ —Tc —Tc— 4 — 49 Combine like terms.
=23¢’ - 10c — 53

Suppose n represents an even integer.
Then, the next two consecutive even integers are: n + 2, n + 4

An expression for the product of the 3 integers is:
n(n + 2)(n + 4)
Simplify.
n(n+2 n+4 =n[n(n+4 +2 n+4)]
=n[n(n) +n(4)+2(n) +2(4)]
2

=n( +4n+2n+8)

n(n2 + 6n + 8)

n’ +6n’ + 8n
81— 4b°
Write each term as a perfect square.
81 —4p* = (9)2 - (2b)2 Write these terms in binomial factors.

= (9 +2b)(9 - 2b)

16v* — 49
Write each term as a perfect square.
16v> —49 = (4\/)2 - (7)2 Write these terms in binomial factors.

=(4v+7)(4v-17)
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c) 64g2 —164*

d)

33. a)

b)

Review

As written, each term of the binomial has a common factor 16. Remove this common
factor.

64g> —16h*> = 16(4g2 —~ hz) Write each term in the binomial as a perfect square.
= 16[(2 g) —(h) } Write these terms in binomial factors.
=16(2g + h)(2g — h)

18m> —2n°

As written, each term of the binomial has a common factor 2. Remove this common
factor.

18m* — 2n* = 2(9m2 - nz) Write each term in the binomial as a perfect square.
= 2[(3171)2 —(ny’ J Write these terms in binomial factors.
= 2(3m + n)(3m - n)

m® —14m + 49

The first term is a perfect square since m* = (m)(m).

The third term is a perfect square since 49 = (7)(7).

The second term is twice the product of m and 7:

14m = 2(m)(7)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(m — 7)(m — 7), or (m — 7)2
To verify, multiply:
(m—7)(m—7)=m(m—7)—7(m—7)
=m’ —Tm—Tm + 49
=m’ —14m + 49
Since the trinomial is the same as the original trinomial, the factors are correct.

n® +10n + 25

The first term is a perfect square since n° = (n)(n).

The third term is a perfect square since 25 = (5)(5).

The second term is twice the product of » and 5:

10n =2 (n) (5)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(n+5)(n+5),0r(n+ 5)2
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d)

Review

To verify, multiply:
(n+5)(n+5)=n(n+5)+5(n+5)
=n*+5n+5n+25

=n" +10n + 25
Since the trinomial is the same as the original trinomial, the factors are correct.

4p* +12p+9

The first term is a perfect square since 4p° = (2p)(2p).

The third term is a perfect square since 9 = (3)(3).

The second term is twice the product of 2p and 3:

12p = 2(2p)(3)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(2p +3)(2p +3),0r (2p +3)’
To verify, multiply:
(Zp + 3)(2p + 3) = 2p(2p + 3) + 3(2p + 3)
=4p> +6p+6p+9
=4p> +12p +9
Since the trinomial is the same as the original trinomial, the factors are correct.

16 — 40g + 25¢°

The first term is a perfect square since 16 = (4)(4).

The third term is a perfect square since 25¢” = (5¢)(5¢).

The second term is twice the product of 4 and 5¢:

40g =2(4)(59)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(4-5¢)(4-5q),0r (4- Sq)2
To verify, multiply:
(4-5¢)(4-59)=4(4-59)—5q(4 - 5q)
=16 — 20g — 20g + 25¢°
=16 — 40g + 25¢°
Since the trinomial is the same as the original trinomial, the factors are correct.

4r° + 28r + 49
The first term is a perfect square since 4r° = (2r)(2r).

The third term is a perfect square since 49 = (7)(7).

The second term is twice the product of 2r and 7:
287 = 2(2r)(7)
Since the second term is positive, the operations in the binomial factors must be addition.
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34. a)

b)

Review

So, the trinomial is a perfect square trinomial and its factors are:
(2r + 7)(2r + 7), or (2r + 7)2
To verify, multiply:
(2r+7)(2r+7)=2r(2r+7)+7(2r +7)
=41 + 14r +14r + 49

=4r + 287 + 49
Since the trinomial is the same as the original trinomial, the factors are correct.

36 —132s + 12157

The first term is a perfect square since 36 = (6)(6).

The third term is a perfect square since 121s* = (1 ls)(l ls).
The second term is twice the product of 6 and 11s:

1325 =2(6)(11s)

Since the second term is negative, the operations in the binomial factors must be
subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(6 -115)(6 —11s), or (6 — 11s)’

To verify, multiply:

(6 -115)(6 —11s) = 6(6 — 11s) = 115(6 — 115)
=36 — 665 — 665 + 1215°

=36 -132s +121s°
Since the trinomial is the same as the original trinomial, the factors are correct.

g’ +6gh+9h°

The first term is a perfect square since g” =(g)(g).
The third term is a perfect square since 9A” = (34)(3h).
The second term is twice the product of g and 34:

6gh = 2(g)(3h)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(g +3h)(g +3h), or (g +3h)

16> — 24 jk + 9k’

The first term is a perfect square since 16j2 = (4j)(4j).

The third term is a perfect square since 9k” = (3k)(3k).

The second term is twice the product of 4; and 34:

24 jk =2(45)(3k)

Since the second term is negative, the operations in the binomial factors must be

subtraction.
So, the trinomial is a perfect square trinomial and its factors are:
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(4/ —3k)(4) - 3k), or (4 - 3k)’

¢) 25t° +20tu + 4u’
The first term is a perfect square since 25¢* = (St)(St).
The third term is a perfect square since 4u’ = (2u)(2u)
The second term is twice the product of 5¢ and 2u:
20tu = 2(51)(214)

Since the second term is positive, the operations in the binomial factors must be addition.
So, the trinomial is a perfect square trinomial and its factors are:

(St + 2u)(5t + 2u), or (St + 214)2

d) 9’ —48ww + 64w’
The first term is a perfect square since 9v* = (3v)(3v).
The third term is a perfect square since 64w’ = (8w)(8w).
The second term is twice the product of 3v and 8w:
48vw = 2(3v)(8w)

Since the second term is negative, the operations in the binomial factors must be
subtraction.
So, the trinomial is a perfect square trinomial and its factors are:

(3v - 8w)(3v - 8w), or (3v - 8w)2

35. The area of the shaded region is:
area of large square — area of small square
The formula for the area of a square is: 4 = s°, where s is the side length of the square.
Area of large square:
Use the formula 4 = s>. Substitute: s =2x + 5

4, =(2x +5)
Area of small square:
Use the formula 4 = s*. Substitute: s =x + 3

A, =(x+ 3)2
So, area of the shaded region is:
A=4, — A

=(2x+5)2 —(x+3)2
=(2x+5)(2x+5)—(x+3)(x+3)

= 2x(2x +5) + 5(2x +5) = [ x(x +3) + 3(x +3)]
=4x>+10x + 10x + 25 —(x” + 3x + 3x + 9)
=4x"+20x + 25— x> —6x -9

=3x" +14x+16

A polynomial that represents the area of the shaded region is:
3x* +14x+16
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Practice Test (page 201)

1.

4.

A. This is not true because 64 has these factors: 1, 2, 4, 8, 16, 32, and 64
So, A is the correct answer.

Expand each product until the trinomial matches the given trinomial.
A, 2x+1D)x+6)=2x"+12x+ 1x+6
=2+ 13x+ 6
B. 2x+2)(x+3)=2x"+6x+2x+6
=2x" +8x + 6
C. 2x+3)x+2)=2x"+4x+3x+6
=2x" +7x + 6
This trinomial matches the given trinomial, so C is the correct answer.

20=2-2-5

45=3-3-5

50=2-5-5

The least common multiple is the product of the greatest prime factor in each set of factors:
2%-3%-57=900

The least common multiple is 900.

The greatest common factor is the factor that occurs in every set of factors: 5

The greatest common factor is 5.

a) i) For a perfect square; its prime factors can be arranged into 2 equal groups.
Use the factors from question 3.

20=2-2-5

Multiply 20 by 5 to get 2 equal groups of factors: 2-2-5-5

20-5=100

100 is a perfect square.

To get more perfect squares, multiply 20 by 5 times any perfect square, such as
20(5)(4) to get 400; and 20(5)(9) to get 900.

45=3-3-5

Multiply 45 by 5 to get 2 equal groups of factors: 3-3-5-5

45-5=1225

225 is a perfect square.

To get more perfect squares, multiply 45 by 5 times any perfect square, such as
45(5)(4) to get 900; and 45(5)(9) to get 2025.

50=2-5-5

Multiply 50 by 2 to get 2 equal groups of factors: 2-2-5-5

50-2=100

100 is a perfect square.

To get more perfect squares, multiply 50 by 2 times any perfect square, such as
50(2)(4) to get 400; and 50(2)(9) to get 900.

Practice Test E= Copyright © 2011 Pearson Canada Inc. 170



Pearson Chapter 3
Foundations and Pre-calculus Mathematics 10 Factors and Products
ii) For a perfect cube, its prime factors can be arranged in 3 equal groups.

Use the factors from question 3.

20=2-2-5

Multiply 20 by 2 - 5 - 5 =50 to get 3 equal groups of factors:2-2-2-5-5-5
20-50=100

1000 is a perfect cube.

To get more perfect cubes, multiply 20 by 50 times any perfect cube, such as
20(50)(8) to get 8000; and 20(50)(27) to get 27 000.

45=3-3-5

Multiply 45 by 3 - 5 - 5 =75 to get 3 equal groups of factors: 3-3-3-5-5-5
45 - 75 =3375

3375 is a perfect cube.

To get more perfect cubes, multiply 45 by 75 times any perfect cube, such as
45(75)(8) to get 27 000; and 45(75)(27) to get 91 125.

50=2-5-5

Multiply 50 by 2 - 2 - 5 =20 to get 3 equal groups of factors:2-2-2-5-5-5
50-20=1000

1000 is a perfect cube.

To get more perfect cubes, multiply 50 by 20 times any perfect cube, such as
50(20)(8) to get 8000; and 50(20)(27) to get 27 000.

b) There is more than one answer in each of part a because a perfect square can be generated
by multiplying any two perfect squares; and a perfect cube can be generated by
multiplying any 2 perfect cubes.

5. a) (2c+5)(3c+2)
Use algebra tiles to make a rectangle with width 2¢ + 5 and length 3¢ + 2.

The tiles that form the product are: 6 ¢*-tiles, 19 c-tiles, and ten 1-tiles
So, (2¢ + 5)(3¢ +2)=6¢" + 19¢ + 10
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b) (9 +4r)(8+6r)
Sketch a rectangle with dimensions 8 + 67 and 9 + 4r. Divide it into 4 smaller rectangles
and calculate the area of each.

8 6r
9 (9)(8) =72 (9)(6r) = 54r
ar (4r)(8) = 32r (4n(6r) = 24r°

From the diagram:
(9 +4r)(8 + 6r) =72 + 54r + 32r + 24/*
=72+ 86r + 241"

c) (4-5@0@t+7)
Sketch a rectangle. Label its dimensions 47 — 5 and 3¢ + 7. Divide it into 4 smaller

rectangles and label each one.
3t 7

at| (430 = 12¢ (41)(7) = 28t

~

Ul

(-5)(3t) = 15t (-5)(7) =-35

From the diagram:
(4t—5)3t+7) =127 + 28t — 15t 35
=127 + 13t -35

6. Use the distributive property.
a) 2p-1)Q’+2p-7)=2pp’+2p-T7)-1(p* +2p-7)
=20 +4p" — 14p—p* —2p+7
=2p' +4p’—p*—14p-2p + 17
=2p° +3p*—16p+7

b) (e+20)QF + 5f+3e%) = e2f + 5+ 3e%) + 22 + 5f+ 3¢%)
=2ef* + 5ef+ 3¢’ + 4F + 10£ + 6¢*f

¢) (By+2z)(y+4z)—-(5y—32)(2y - 82)
=3y(y +4z) + 2z(y + 4z) — [5y(2y — 82) — 3z(2y — 82)]
=3y + 12yz + 2yz + 82° — [10y” — 40yz — 6yz + 2477
=3y + 12yz + 2yz + 82° — 10y” + 40yz + 6yz — 247
=3)% — 10y + 12yz + 2yz + 40yz + 6yz — 242* + 82
=—7y" + 60yz — 162>

7. a) f+17f+16

Find two numbers whose sum is 17 and whose product is 16.
The numbers are 1 and 16.
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b)

d)

So, f + 17+ 16 = (f+ 1)(f+ 16)
I could use these algebra tiles: 1 f-tile, 17 f-tiles, and sixteen 1-tiles to make a rectangle
with length f+ 16 and width f+ 1.

& —13c¢+22

Find two numbers whose sum is —13 and whose product is 22.

Since the constant term is positive and the c-term is negative, the numbers are negative.
The numbers are —2 and —11.

So, >~ 13¢+22=(c-2)(c—11)

I could use these algebra tiles: 1 c*-tile, 13 negative c-tiles, and twenty-two 1-tiles to
make a rectangle with length ¢ — 11 and width ¢ — 2.

46 + 9t — 28
Use decomposition.
Multiply: 4(-28) =-112
Find factors of —112 that have a sum of 9.
Factors of =112 are: 1 and —112; -1 and 112; 2 and —56; -2 and 56; 4 and —28; —4 and 28;
7 and —16; —7 and 16
The factors of —112 that have a sum of 9 are —7 and 16.
So, 4 +9t—28 =47 — Tt + 16t — 28
=t4t-7)+44t-17)
=@t-7(r+4)
I would not use algebra tiles to factor. I would need to use guess and check to find a
combination of positive and negative t-tiles to form a rectangle with 4 £-tiles, and 28
negative 1-tiles.

4% + 20rs + 255

This is a perfect square trinomial because:

the 1st term is a perfect square: 4r* = (2r)(2r)

the 3rd term is a perfect square: 255> = (55)(5s)

and the 2nd term is: 20rs = 2(2r)(5s)

So, 41* + 20rs + 255> = (2r + 55)(2r + 5s), or (2r + 55)

I could not use algebra tiles to factor the given trinomial because I do not have tiles for
more than one variable. I could use tiles to factor 4/ + 20r + 25, then include the variable
s when I write the factors.

6x* — 17xy + 5)°
Use decomposition.
Multiply: 6(5) =30
Find factors of 30 that have a sum of —17.
Since the coefficient of )* is positive and the xy-term is negative, the numbers are
negative.
List negative factors of 30: —1 and —30; —1 and —30; -2 and —15
The factors of 30 that have a sum of —17 are -2 and —15.
So, 6x* — 17xy + 5)* = 6x* — 2xy — 15xy + 5)°
=2x(3x—y)—5y(Bx—y)
=(Bx—y)(2x - 5y)
I could not use algebra tiles to factor the trinomial because I do not have tiles for more
than one variable.
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f) K -257
This is a difference of squares.
= (h)(h)

8.

9.

257" = (3))(3))

So, h* —257* = (h + 5j)(h — 5])

I could not use algebra tiles to factor the binomial because I do not have tiles for more
than one variable.

The remaining volume is the difference between the volume of the cube and the volume of

the prism.

The volume of the cube is: (2r + 1)’

The volume of the prism is: #(7)(2r + 1)

The remaining volume is:

Qr+ 1Y —r()Qr+ 1) =Q2r+ 1)Q2r+ 1> = [FAQ2r+1)]
=Q2r+ )& +4r+ 1) -2 + ]
=2r4r +4r+ 1)+ 14 + 4r+ 1) =21 —
=8P + 87+ 2r + 47 +Ar+ 127 -1
=8r —2r + 8 +4r — P+ 2r+4r+1
=6r + 1177+ 6r+ 1

The volume that remains is: 67° + 11/ + 67 + 1

All the trinomials that begin with 87 and end with +3 have t-terms with coefficients that are
the sum of the factors of 8(3) = 24.

The factors of 24 are: 1 and 24; —1 and —24; 2 and 12; -2 and —12; 3 and 8; -3 and -§;

4 and 6; —4 and -6

The sums of the factors are: 25, -25; 14,-14; 11; -11; 10; -10

So, the possible trinomials are:

81 +25¢+3; 87 —25¢+3; 87 + 141+ 3; 8 — 14¢ +3; 87 + 114+ 3; 87 — 111+ 3;

8¢ + 10t +3; 8¢ — 10t + 3

I have found all the trinomials because there are no other pairs of factors of 24.
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